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Abstract 

We present the main features of the physics of extremal black holes 
embedded in supersymmetric theories of gravitation, with a detailed 
analysis of the attractor mechanism for BPS and non-BPS black-hole 
solutions in four dimensions. 
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1 Introduction: Extremal Black Holes from 
Classical General Relativity to String The- 
ory 

The physics of black holes pQ , with its theoretical and phenomenological im- 
plications, has a fertile impact on many branches of natural science, such as 
astrophysics, cosmology, particle physics and, more recently, mathematical 
physics [2] and quantum information theory [3]. This is not so astonishing in 
view of the fact that, owing to the singularity theorems of Penrose and Hawk- 
ing [1], the existence of black holes seems to be an unavoidable consequence 
of Einstein's theory of general relativity and of its modern generalizations 
such as supergravity [5], superstrings and M-theory [6]. 

A fascinating aspect of black-hole physics is in their thermodynamic prop- 
erties that seem to encode fundamental insights of a so far not established 
final theory of quantum gravity. In this context a central role is played by 
the Bekenstein-Hawking (in the following, B-H) entropy formula [7]: 

= ^"^"^^H , (1) 

where ks is the Boltzman constant, £p = Gh/c" is the squared Planck length 
while Area// denotes the area of the horizon surface (from now on we shall 
use the natural units h = c = G = kB = l). 

This relation between a thermodynamic quantity (Sg.jj) and a geomet- 
ric quantity (Areajy) is a puzzling aspect that motivated much theoretical 
work in the last decades. In fact a microscopic statistical explanation of 
the area/entropy formula, related to microstate counting, has been regarded 
as possible only within a consistent and satisfactory formulation of quan- 
tum gravity. Superstring theory is the most serious candidate for a theory 
of quantum gravity and, as such, should eventually provide such a micro- 
scopic explanation of the area law [8]. Since black holes are a typical non- 
perturbative phenomenon, perturbative string theory could say very little 
about their entropy: only non-perturbative string theory could have a handle 
on it. Progress in this direction came after 1995 [9J, through the recognition 
of the role of string dualities. These dualities allow one to relate the strong 
coupling regime of one superstring model to the weak coupling regime of 
another. Interestingly enough, there is evidence that the (perturbative and 
non-perturbative) string dualities are all encoded in the global symmetry 
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group (the [/-duality group) of the low energy supergravity effective action 
[10]. 

Let us introduce a particular class of black-hole solutions, which will 
be particularly relevant to our discussion: the extremal black holes. The 
simplest instance of these solutions may be found within the class of the 
so-called Reissner-Nordstrom (R-N) space-time [TT], whose metric describes 
a static, isotropic black hole of mass M and electric (or magnetic) charge Q: 

V P J V P P^ J 

where dVt^ = {dO"^ + sin^ 6 dcp'^) is the metric on a 2-sphere. The metric ([2]) 

admits two Killing horizons, where the norm of the Killing vector ^ changes 

sign. The horizons are located at the two roots of the quadratic polynomial 
A = -2Mp + g2 + p2. 

p± = M ± v/M2 - Q2 . (3) 

If M < IQI the two horizons disappear and we have a naked singularity. In 
classical general relativity people have postulated the so-called cosmic cen- 
sorship conjecture [12], [5]: space-time singularities should always be hidden 
inside a horizon. This conjecture implies, in the R-N case, the bound: 

M>\Q\. (4) 

Of particular interest are the states that saturate the bound ([1]). If 

M=\Q\, (5) 

the two horizons coincide and, setting: p = r + M (where r"^ = x ■ x), the 
metric ([2]) can be rewritten as: 

ds^ = dt'(^l + ^^ \ (^i + 9}j\dr' + r'dQ') 

= H-\r) dt^ - H\r) dx ■ dx (6) 
in terms of the harmonic function 

Hir) = (l + f ) • (7) 
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As eq. (ED shows, the extremal R-N configuration may be regarded as 
a sohton of classical general relativity, interpolating between two vacua of 
the theory: the fiat Minkowski space-time, asymptotically reached at spatial 
infinity r — >■ cxd, and the Bertotti-Robinson (B-R) metric [1^, describing the 
conformally fiat geometry AdS2 x S"^ near the horizon r — *• [5]: 

ds%_^ = j^df-^{dr^ + r^dn). (8) 

Last, let us note that the condition M = \Q\ can be regarded as a no- 
force condition between the gravitational attraction Fg = ^ and the electric 
repulsion = — on a unit mass carrying a unit charge. 

Until now we have reviewed the concept of extremal black holes as it 
arises in classical general relativity. However, extremal black hole config- 
urations are embedded in a natural way in supergravity theories. Indeed 
supergravity, being invariant under local super-Poincare transformations, in- 
cludes general relativity, i.e. it describes gravitation coupled to other fields 
in a supersymmetric framework. Therefore it admits black holes among 
its classical solutions. Moreover, as black holes describe a physical regime 
where the gravitational field is very strong, a complete understanding of 
their physics seems to require a theory of quantum gravity, like superstring 
theory is. In this respect, as anticipated above, extremal black holes have 
become objects of the utmost relevance in the context of superstrings after 
1995 [H 13 El [H]. This interest, which is just part of a more general interest 
in the p-brane classical solutions of supergravity theories in all dimensions 
4 < D < 11 stems from the interpretation of the classical solutions 

of supergravity that preserve a fraction of the original supersymmetries as 
non-perturbative states, necessary to complete the perturbative string spec- 
trum and make it invariant under the many conjectured duality symmetries 
[T71 [TS| \TU\ \W\ [2U] . Extremal black holes and their parent p-branes in higher 
dimensions are then viewed as additional particle-like states that compose 
the spectrum of a fundamental quantum theory. As the monopoles in gauge 
theories, these non-perturbative quantum states originate from regular solu- 
tions of the classical field equations, the same Einstein equations one deals 
with in classical general relativity and astrophysics. The essential new ingre- 
dient, in this respect, is supersymmetry, which requires the presence of vector 
fields and scalar fields in appropriate proportions. Hence the black holes we 
are going to discuss are solutions of generalized Einstein-Maxwell-dilaton 
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equations. 

Within the superstring framework, supergravity provides an effective de- 
scription that holds at lowest order in the string loop expansion and in the 
limit in which the space-time curvature is much smaller than the typical 
string scale (string tension). The supergravity description of extremal black 
holes is therefore reliable when the radius of the horizon is much larger than 
the string scale, and this corresponds to the limit of large charges. Super- 
string corrections induce higher derivative terms in the low energy action 
and therefore the B-H entropy formula is expected to be corrected as well 
by terms which are subleading in the small curvature limit. In this paper we 
will not consider these higher derivative effects. 

Thinking of a black-hole configuration as a particular bosonic background 
of an iV-extended locally supersymmetric theory gives a simple and natural 
understanding at the cosmic censorship conjecture. Indeed, in theories with 
extended supersymmetry (A^ > 2) the bound (jl]) is just a consequence of the 
supersymmetry algebra, and this ensures that in these theories the cosmic 
censorship conjecture is always verified, that is there are no naked singulari- 
ties. When the black hole is embedded in extended supergravity, the model 
depends in general also on scalar fields. In this case, as we will see, the elec- 
tric charge Q has to be replaced by the maximum eigenvalue of the central 
charge appearing in the supersymmetry algebra (depending on the expecta- 
tion value of scalar fields and on the electric and magnetic charges). The 
R-N metric takes in general a more complicated form. 

However, extremal black holes have a peculiar feature: even when the dy- 
namics depends on scalar fields, the event horizon loses all information about 
the scalars; this is true independently of the fact that the solution preserves 
any supersymmetries or not. Then, as will be discussed extensively in section 
m also if the extremal black hole is coupled to scalar fields, the near-horizon 
geometry is still described by a conformally fiat, B-R-type geometry, with a 
mass parameter Mg_j^ depending on the given configuration of electric and 
magnetic charges, but not on the scalars. The horizon is in fact an attractor 
point [211 [221 123] : scalar fields, independently of their boundary conditions at 
spatial infinity, when approaching the horizon fiow to a fixed point given by 
a certain ratio of electric and magnetic charges. This may be understood in 
the context of Hawking theory. Indeed quantum black holes are not stable: 
they radiate a thermic radiation as a black body, and correspondingly lose 
their energy (mass). The only stable black- hole configurations are the ex- 
tremal ones, because they have the minimal possible energy compatible with 
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relation (jlj) and so they cannot radiate. Indeed, physically they represent 
the limit case in which the black- hole temperature, measured by the surface 
gravity at the horizon, is sent to zero. 

Remembering now that the black- hole entropy is given by the area/entropy 
B-H relation (Q, we see that the entropy of extremal black holes is a topo- 
logical quantity, in the sense that it is fixed in terms of the quantized electric 
and magnetic charges, while it does not depend on continuous parameters 
such as scalars. The horizon mass parameter Mg_j^ turns out to be given 
in this case (extremal configurations) by the maximum eigenvalue Zmax of 
the central charge appearing in the supersymmetry algebra, evaluated at the 
fixed point: 

^B-R = ^B-r(p> i) = l^max(0fix>P> Q)\ (9) 
this gives, for the B-H entropy: 

Sb-R = ^^^^^ = 7r|Zniax(0fix,P,g)P- (10) 



A lot of efffort was made in the course of the years to give an explana- 
tion for the topological entropy of extremal black holes in the context of a 
quantum theory of gravity, such as string theory. A particularly interesting 
problem is finding a microscopic, statistical mechanics interpretation of this 
thermodynamic quantity. Although we will not deal with the microscopic 
point of view at all in this paper, it is important to mention that such an 
interpretation became possible after the introduction of D-branes in the con- 
text of string theory [23], [8]. Following this approach, extremal black holes 
are interpreted as bound states of D-branes in a space-time compactified to 
four or five dimensions, and the different microstates contributing to the B-H 
entropy are, for instance, related to the different ways of wrapping branes in 
the internal directions. Let us mention that all calculations made in particu- 
lar cases using this approach provided values for the B-H entropy compatible 
with those obtained with the supergravity, macroscopic techniques. The en- 
tropy formula turns out to be in all U-duality-invariant expression 
(homogeneous of degree 2) built out of electric and magnetic charges and as 
such it can be in fact also computed through certain (moduli-independent) 
topological quantities [25], which only depend on the nature of the U-duality 
groups and the appropriate representations of electric and magnetic charges 
[26] . We mention for completeness that, as previously pointed out, super- 
string corrections that take into account higher derivative effects determine 
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a deviation from the area law for the entropy [271 ES]- Recently, a deeper 
insight into the microscopic description of black-hole entropy was gained, 
in this case, from the fruitful proposal in [29], describing the microscopic 
degrees of freedom of black holes in terms of topological strings. 

Originally, the attention was mainly devoted to the so-called BPS- extremal 
black holes, i.e. to solutions which saturate the bound in From an ab- 
stract viewpoint BPS saturated states are characterized by the fact that they 
preserve a fraction, 1/2 or 1/4 or 1/8, of the original supersymmetries. What 
this actually means is that there is a suitable projection operator S"^ = S act- 
ing on the supersymmetry charge QsUSY; ^'^^h that: 

{S ■ QsUSy) I BPS state ) = . (11) 

Since the supersymmetry transformation rules of any supersymmetric field 
theory are linear in the first derivatives of the fields, eq. fllip is actually a sys- 
tem of first-order differential equations, to be combined with the second-order 
field equations of the theory. Translating eq. ffTTj) into an explicit first-order 
differential system requires knowledge of the supersymmetry transformation 
rules of supergravity. The latter have a rich geometric structure whose anal- 
ysis will be the subject of section |3l The BPS saturation condition transfers 
the geometric structure of supergravity, associated with its scalar sector, into 
the physics of extremal black holes. We note that first-order differential equa- 
tions ^ = /($) have in general fixed points, corresponding to the values of 
r for which /($) = 0. For the BPS black holes, the fixed point is reached 
precisely at the black-hole horizon, and this is how the attractor behavior is 
realized for this class of extremal black holes. 

For BPS configurations, non-renormalization theorems based on super- 
symmetry guarantee the validity of the (BPS) bound M = \Q\ beyond the 
perturbative regime: if the bound is saturated in the classical theory, the 
same must be true also when quantum corrections are taken into account 
and the theory is in a regime where the supergravity approximation breaks 
down. That it is actually an exact state of non-perturbative string theory 
follows from supersymmetry representation theory. The classical BPS state 
is by definition an element of a short supermultiplet and, if supersymme- 
try is unbroken, it cannot be renormalized to a long supermultiplet. For this 
class of extremal black holes an accurate agreement between the macroscopic 
and microscopic calculations was found. For example in the N = 8 theory 
the entropy was shown to correspond to the unique quartic i?7(7)-invariant 
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built in terms of the 56 dimensional representation. Actually, topological 
U-invariants constructed in terms of the (moduli dependent) central charges 
and matter charges can be derived for all iV > 2 theories; they can be shown, 
as expected, to coincide with the squared ADM mass at fixed scalars. 

Quite recently it has been recognized that the attractor mechanism, which 
is responsible for the area/entropy relation, has a larger application [SUl 
EB Ei ESI Ea ESI EZ] beyond the BPS cases, being a peculiarity of all 
extremal black-hole configurations, BPS or not. The common feature is that 
extremal black-hole configurations always belong to some representation of 
super symmetry, as will be surveyed in section [2] (this is not the case for 
non-extremal configurations, since the action of supersymmetry generators 
cannot be defined for non-zero temperature [SB])- Extremal configurations 
that completely break supersymmetry will belong to long representations of 
sup er sy mmet ry. 

Even for these more general cases, because of the topological nature of 
the extremality condition, the entropy formula turns out to be still given by 
a U-duality invariant expression built out of electric and magnetic charges. 
We will report in sectionlHlon the classification of all extremal solutions (BPS 
and non-BPS) of A^-extended supergravity in four dimensions. 

For all the A^-extended theories in four dimensions, the general feature 
that allows us to find the B-H entropy as a topological invariant is the pres- 
ence of vectors and scalars in the same representation of supersymmetry. 
This causes the electric/magnetic duality transformations on the vector field 
strengths (which for these theories are embedded into symplectic transfor- 
mations) to also act as isometries on the scalar sectors [39] 0. The symplectic 
structure of the various cr-models of A^-extended supergravity in four dimen- 
sions and the relevant relations involving the charges obeyed by the scalars 
will be worked out in section El 

As a final remark, let us observe that, since the aim of the present review 
is to calculate the B-H entropy of extremal black holes, we will only discuss 
solutions which have ^ 0. For this class of solutions, known as large 

black holes, the classical area/entropy formula is valid, as it gives the domi- 
nant contribution to the black-hole entropy. For these configurations the area 
of the horizon is in fact proportional to a duality-invariant expression con- 

"'^We note that symplectic transformations outside the U-duahty group have a non- 
trivial action on the solutions, allowing one to bring a BPS configuration to a non-BPS 
one [40]. 
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structed with the electric and magnetic charges, which for these states is not 
vanishing [H]. This will prove to be a powerful computational tool and will 
be the subject of section [5^21 As we will see in detail in the following sections, 
configurations with non-vanishing horizon area in supersymmetric theories 
preserve at most four supercharges (A^ = 1 supersymmetry) in the bulk of 
space-time. Black-hole solutions preserving more supercharges do exist, but 
they do not correspond to classical attractors since in that case the classical 
area/entropy formula vanishes. These configurations are named small black 
holes and require, for finding the entropy, a quantum attractor mechanism 
taking into account the presence of higher curvature terms [291 1121 US] . 

The paper is organized as follows. Section [2] treats the supersymmetry 
structure of extremal black-hole solutions of supergravity theories, and the 
black-hole configurations are described as massive representations of super- 
symmetry. In section [3] we briefly review the properties of four-dimensional 
extended supergravity related to its global symmetries. A particular em- 
phasis is given to the general symplectic structure characterizing the moduli 
spaces of these theories. The presence of this structure allows the global 
symmetries of extended supergravities to be realized as generalized electric- 
magnetic symplectic duality transformations acting on the electric and mag- 
netic charges of dyonic solutions (as black holes). In section H] we start re- 
viewing extremal regular black-hole solutions embedded in supergravity and, 
for the BPS case, an explicit solution will be found by solving the Killing 
spinor equations. In section O we give a general overview of extremal and 
non-extremal solutions showing how the attractor mechanism comes about in 
the extremal case only. Then a general tool for calculating the Bekenstein- 
Hawking entropy for both BPS and non-BPS extremal black holes will be 
given, based on the observation that the black-hole potential takes a partic- 
ularly simple form in the supergravity case, which is fixed in terms of the 
geometric properties of the moduli space of the given theory. Moreover, for 
theories based on moduli spaces given by symmetric manifolds G/H, which 
is the case of all supergravity theories with A^ > 3 extended supersymmetry, 
but also of several N = 2 models, the BPS and non-BPS black holes are 
classified by some U-duality invariant expressions, depending on the repre- 
sentation of the isometry group G under which the electric and magnetic 
charges are classified. Finally in section [6l by exploiting the supergravity 
machinery introduced in sections [3] and |H we shall give a detailed analysis 
of the attractor solutions for the various theories of extended supergravity. 
Section [7] contains some concluding remarks. 
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Our discussion will be confined to four-dimensional black holes. 



2 Extremal Black Holes as massive represen- 
tations of supersymmetry 

We are going to review in the present section the algebraic structure of the 
massive representations of supersymmetry, both for short and long multi- 
plets, in order to pinpoint, for each supergravity theory, the extremal black- 
hole configurations corresponding to a given number of preserved super- 
charges. The condition of extremality is in fact independent on the supersym- 
metry preserved by the solution, the only difference between the supersym- 
metric and non-supersymmetic case being that the configurations preserving 
some supercharges correspond to short multiplets, while the configurations 
which completely break supersymmetry will instead belong to longrepresen- 
tations of supersymmetry. The highest spin of the configuration □ depends 
on the number of supercharges of the theory under consideration |44] . 

As a result of our analysis we find for example, as far as large BPS black- 
hole configurations are considered, that for = 2 theories the highest spin of 
the configuration (which in this case is 1/2-BPS) is Jmax = 1/2, for = 4 
theories (1/4-BPS) is Jmax = 3/2, while for the A^ = 8 case (1/8-BPS) is 
Jmax = 7/2. On the other hand, 1/2-BPS multiplets have maximum spin 
Jmax = N/A {N = 2,4,8) as for massless representations. They are given 
in Tables 2, 3, 4. The corresponding black holes (for N > 2) have vanishing 
classical entropy (small black holes) ^5j. 

The long multiplets corresponding to non-BPS extremal black-hole con- 
figurations have Jmax = 1 in the N = 2 theory, Jmax = 2 in the A^ = 4 
theory and Jmax = 4 in the N = 8 theory. However, as we will see in 
detail in the following, for the non-BPS cases we may have solutions with 
vanishing or non- vanishing central charge. Since the central charge Zab is a 
complex matrix, it is not invariant under CPT symmetry, but transforms as 
Zab Zab B The representation then depends on the charge of the config- 
uration: if the solution has vanishing central charge the long-multiplet will 
be neutral (real), while if the solution has non- zero central charge the long 
multiplet will be charged (complex), with a doubled dimension as required 

^We confine our analysis here to the minimal highest spin aUowed for a given theory. 
We use here a different definition of central charge with respect to [H] : Zab ^Zab ■ 
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for CPT invariance [44] . 

We have listed in Tables [T], [2] and [3] all possible massive representations 
with highest spin J max < 3/2 for N < 8. The occurence of long spin 3/2 
multiplets is only possible for = 3, 2 and of long spin 1 multiplets for 
N = 2. In = 1 there is only one type of massive multiplet (long) since 
there are no central charges. Its structure is 

[(^o + ^),2(Jo),(Jo-^)], 

except for Jo = where we have [(|),2(0)]. 

In the tables we will denote the spin states by (J) and the number in 
front of them is their multiplicity. In the fundamental multiplet, with spin 
Jq = vacuum, the multiplicity of the spin (A^ — q — k)/2 is the dimension of 
the fc-fold antisymmetric fi-traceless representation of USp{2{N — q))- For 
multiplets with Jo ^ one has to make the tensor product of the fundamental 
multiplet with the representation of spin Jq. We also indicate if the multiplet 
is long or short. 



2.1 Massive representations of the supersymmetry al- 
gebra 

The D = A supersymmetry algebra is given by 

{QAa^Qs^} = -{Cr).f,P,5AB +i{C'LABU 

(A,5 = l,...,2p) , (12) 

where the SUSY charges = Q\iq = Q^C are Majorana spinors, C 
is the charge conjugation matrix, is the 4-momentum operator and the 
antisymmetric tensor Zab is defined as: 

Zab = ReiZAB) + n'MZAB), (13) 

the complex matrix Zab = —Zba being the central charge operator. For 
the sake of simplicity we shall suppress the spinorial indices in the formulae. 
Using the symmetries of the theory, it can always be reduced to normal form 
For N even it reads: 



Zab 




V 





eZ2 





\ 



eZj 



(14) 
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N 


massive spin 3/2 multiplet 


long 


short 


8 


none 








6 


2x [(|),6(l),14(i),14'(0)] 


no 


q = 


3, (iBPS) 


5 


2x [(|),6(l),14(i),14'(0)] 


no 


Q = 


2, (|BPS) 


4 


2x [(|),6(1),14(|),14'(0)] 


no 


q = 


1, (IBPS) 




2x [(|),4(l),6(i),4(0)] 


no 


Q = 


2, (|BPS) 


3 


[(|),6(l),14(i),14'(0)] 


yes 




no 




2x[(|),4(l),6(i),4(0)] 


no 


Q = 


1, (|BPS) 


2 


[(|),4(1),6(1),4(0)] 


yes 




no 




2x[(|),2(l),(|)] 


no 


Q = 


1, (IBPS) 


1 


[(|),2(l),(i)] 


yes 




no 



Table 1: Massive spin 3/2 multiplets. 



where e is the 2x2 antisymmetric matrix, (every zero is a 2 x 2 zero matrix) 
and the p skew eigenvalues of Z^b are the central charges. For odd 
the central charge matrix has the same form as in f[T^ with p = [N — l)/2, 
except for one extra zero row and one extra zero column. Note that it is 
not always possible to reduce Zab to its normal form with real Zm by means 
of symmetries of the theory [35]. This is the case in particular of = 8 
supergravity where the SU{8) R-symmetry does not affect the global phase 
of the skew-eigenvalues Z^- Therefore we shall consider the general situation 
in which Z^ are complex and define for each of them the spinorial matrices 
which will enter the supersymmetry algebra: 

Zm = Re{Zm) + i 7^ Ini(Zm) , 
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massive spin 


1 multiplet 


long 


short 


8,6,5 


none 










4 


2x[(l),4(i) 


,5(0)] 


no 


Q = 


2, (2BPS) 


3 


2x[(l),4(i) 


,5(0)] 


no 


Q = 


1, (|BPS) 


2 


[(l),4(i) 


,5(0)] 


yes 




no 




2x[(l),2(i) 


,(0)] 


no 


Q = 


1, (iBPS) 


1 


[(l),2(i) 


,(0)] 


yes 




no 



Table 2: Massive spin 1 multiplets. 



Zm = Re{Zm) -i'y^lm{Zm) , n = l,...,p. 
If we identify each index A,B, . . . with the pair of indices 
y4 = (a, m) ; a, 6, ... = 1,2 ; m,n,... = l 
the matrix Zab in the normal frame will have the form: 

'^AB ^am, bn ^mn ^ab i 

and the superalgebra ([T^ can be rewritten as: 



, • • • , , 



(15) 
(16) 

(17) 
(18) 



where eab is the two-dimensional Levi Civita symbol. Let us consider a generic 
unit time-like Killing vector C,^ (C^Ca* = 1), in terms of which we define the 
following projectors acting on both the internal (a, m) and Lorentz indices 
(a,/3) of the spinors: 



S. 



(±) 

am, bn 



Z \ \Zj, 



mn '^ab I , 



s 



(±) 

am, bn 



- \5ab5 mn I ry I ^mn ^ab | 5 



(19) 
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massive 


spin 1/2 multiplet 


long 


short 


8,6,5,4,3 


none 








2 


2x[(i) 


2(0)] 


no 


q = 1, (iBPS) 


1 


m 


,2(0)] 


yes 


no 



Table 3: Massive spin 1/2 multiplets. 



and define the projected supersymmetry generators: 

q(±) = Q^(±). (20) 
The anticommutation relation (ITSl) can be rewritten in the following form: 

= Sl^M(>^riCuP''T\Zj). (21) 

In the case in which (^^ = (1, 0, 0, 0) and we are in the rest frame (P*^ = M) 
the above relation reads: 

= Sl^,,n{MT\Z^\). (22) 

Since the left-hand side of ( 122|) is non-negative definite, we deduce the BPS 
bound required by unitarity of the representations: 

M >\Zm\ \/Z^,m = l,...,p. (23) 

It is an elementary consequence of the supersymmetry algebra and of the 
identification between central charges and topological charges [46j. 

Massive BPS multiplets 

Suppose that on a given state \BPS) the BPS bound (123!) is saturated by 
q of the p eigenvalues Zm- 

M = |Zi| = IZ2I = ... = \Zg\ q<p, (24) 
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then, from (j22]) we deduce that: 

QltllBPS) = , m = l,...,q, (25) 

namely q of the pairs of creation-annihilation operators, which have abelian 
anticommutation relations, annihilate the state. The multiplet obtained by 
acting on ISPS') with the remaining supersymmetry generators is said to be 
q/N BPS. Note that qMAX = N/2 for even and quAX = (N - l)/2 for 
odd. The USp{2N) symmetry is now reduced to USp{2{N — q))- The short 
multiplet has the same number of states as a long multiplet of the N — q 
supersymmetry algebra. The fundamental multiplet, with J = vacuum, 
contains 2 ■ 2^*^^""^) states with Jmax = {N — q)/2. Note the doubling due 
to CPT invariance. Generic massive short multiplets can be obtained by 
making the tensor product with a spin Jq representation of SU(2). 

If we write the infinitesimal generator of a supersymmetry in the form: 

Qa^a = Qa^ ^^A^ +Qa^ e^A\ (26) 

the supersymmetries preserved by \BPS) are parametrized by eim with m < 
q and thus defined by the condition: 

= Si-J,^e,r. = ; m,n<g, (27) 
eam = ; m> q, (28) 

which can be written in terms of Weyl spinors ba, in the following form: 

eam = i^X,reate'^ = i^eatl'e'^ ; m<q, (29) 

= ; m> q. (30) 

If, in a given supergravity theory, the state \BPS) corresponds to a back- 
ground described by a certain configuration of fields, eq. fl25l) is translated 
into the request that the supersymmetry variations of all the fields are zero 
in the background. We consider extremal black-hole solutions for which the 
supersymmetry variations of the bosonic fields are identically zero. Then 
the condition ( l25l) yields a set of first order differential equations for the 
bosonic fields, called "Killing spinor" equations, to be satisfied on the given 
configuration 

= 5fermions = SUSY rule (bosons, eam) , (31) 
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where the supersymmetry transformations are made with respect to the resid- 
ual supersymmetry parameter eim defined by the conditions (ISUI) . These 
conditions are important in order to be able to recast equations fl3T]) into 
differential equations involving only the bosonic fields of the solution. 



Massive non-BPS multiplets 

Massive multiplets with Zm = or Zm 7^ but M > \Zm\ are called long 
multiplets or non BPS states. They are qualitatively the same, the only 
difference being that in the first case the supermultiplets are real, while in 
the second one the representations must be doubled in order to have CPT 
invariance, since Zm — > Z^, under CPT. 

In both cases the supersymmetry algebra can be put in a form with 2N 
creation and 2N annihilation operators. It shows explicit invariance under 
SU{2) X USp{2N). The vacuum state is now labeled by the spin represen- 
tation of SU(2), If J = we have the fundamental massive multi- 
plet with 2^^ states. These are organized in representations of SU(2) with 
J^^^^ = N/2. With respect to USp{2N) the states with fixed < J < N/2 
are arranged in the (A^ — 2 J)-fold r2-traceless antisymmetric representation, 
[N -2J]. 

The general multiplet with a spin J vacuum can be obtained by tensoring 
the fundamental multiplet with spin J representation of SU(2). The total 
number of states is then (2 J + 1) ■ 2^^. 



3 The general form of the supergravity ac- 
tion in four-dimensions and its BPS config- 
urations 

In this section we begin the study of extremal black-hole solutions of extended 
supergravity in four space-time dimensions. To this aim we first have to 
introduce the main features of four dimensional A^-extended supergravities. 
These theories contain in the bosonic sector, besides the metric, a number 
ny of vectors and m of (real) scalar fields. The relevant bosonic action is 
known to have the following general form: 
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(32) 



where Qrsi^) (^j s, ■ ■ ■ = 1, ■ ■ ■ , m) is the scalar metric on the a-model de- 
scribed by the scalar manifold A4 scalar of real dimension m and the vectors 
kinetic matrix A/as('^') is a complex, symmetric, ny x ny matrix depending 
on the scalar fields. The number of vectors and scalars, namely ny and m, 
and the geometric properties of the scalar manifold Ai scalar depend on the 
number N of supersymmetries and are resumed in Table HI The imaginary 
part ImA/" of the vector kinetic matrix is negative definite and generalizes 
the inverse of the squared coupling constant appearing in ordinary gauge 
theories while its real part ReA/" is instead a generalization of the theta-a.ng\e 
of quantum chromodynamics. In supergravity theories, the kinetic matrix 
A/" is in general not a constant, its components being functions of the scalar 
fields. However, in extended supergravity (A^ > 2) the relation between the 
scalar geometry and the kinetic matrix Af has a very general and universal 
form. Indeed it is related to the solution of a general problem, namely how 
to lift the action of the scalar manifold isometrics from the scalar to the 
vector fields. Such a lift is necessary because of supersymmetry since scalars 
and vectors generically belong to the same supermultiplet and must rotate 
coherently under symmetry operations. This problem has been solved in a 
general (non supersymmetric) framework in reference [39] by considering the 
possible extension of the Dirac electric-magnetic duality to more general the- 
ories involving scalars. In the next subsection we review this approach and 
in particular we show how enforcing covariance with respect to such duality 
rotations leads to a determination of the kinetic matrix A/". The structure 
of A/" enters the black-hole equations in a crucial way so that the topological 
invariant associated with the hole, that is its entropy, is an invariant of the 
group of electro-magnetic duality rotations, the U-duality group. 

3.1 Duality Rotations and Symplectic Covariance 

Let us review the general structure of an abelian theory of vectors and scalars 
displaying covariance under a group of duality rotations. The basic reference 
is the 1981 paper by Gaillard and Zumino [SI]. A general presentation in 
D = 2p dimensions can be found in [17]|. Here we fix Z) = 4. 

We consider a theory of ny abelian gauge fields A^, in a D = 4 space-time 
with Lorentz signature (which we take to be mostly minus). They correspond 
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Table 4: Scalar Manifolds of N > 2 Extended Supergravities 



N 


Duality group G 


isotropy H 


scalar 


nv 


m 


3 


SU{3,n) 


SU{3) X U{n) 


SU{3,n) 
5(C/(3)xC/(n)) 


3 + n 


6n 


4 


SU{l,l)^S0{6,n) 


U{A) X SO{n) 


yU(l,l) ^ SO(6,n) 
U(l) ^ SO{6)xSO{n) 


6 + n 


6n + 2 


5 


SU{1,5) 


Ui5) 


5(7(1,5) 
S(U(l)xUi5)) 


10 


10 


6 


50^(12) 


f/(6) 


SO* (12) 
U{l)xSU{6) 


16 


30 


7,8 


-£^7(7) 


SU{8) 


5(7(8) 


28 


70 



In the table, ny stands for the number of vectors and m for the number 
of real scalar fields. In all the cases the duality group G is embedded in 
Sp{2nv,^). 



to a set of ny differential 1-forms 

= A^dx" (A= l,...,ny) . (33) 
The corresponding field strengths and their Hodge duals are defined by 0: 

= dA^ = Fl^^dx^" A dx"" 

F;^. = lid,^t-d.A^) 

CF^),^ ^ ^e,.,.F^\^-. (34) 

The dynamics of a system of abelian gauge fields coupled to scalars in a 
gravity theory is encoded in the bosonic action (!32|) . 
Introducing self-dual and antiself-dual combinations 

F^ = l(F±i*F), 
*F± = ^iF±, (35) 

the vector part of the Lagrangian defined by fl32|) can be rewritten in the 
form: 

C„ec = i [F-^ATF" - F+^ATF+j . (36) 



*We use, for the e tensor, the convention: 60123 = — 1- 
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Introducing further the new tensors 

the Bianchi identities and field equations associated with the Lagrangian 
can be written as 

yM*^A = 



V^^Gau, = (38) 



or equivalently 



V^ImF^/ = (39) 

V^ImG^i^, = 0. (40) 

This suggests that we introduce the 2nv column vector 

V = (Z) (41) 



and that we consider general linear transformations on such a vector 

'G ~ [C D [*G 



(42) 



For any constant matrix iS = ^ GL{2nY,'R) the new vector of 

magnetic and electric field-strengths V = 5 • V satisfies the same equations 
f l38|) as the old one. In a condensed notation we can write 

d\ = ^ dV = 0. (43) 

Separating the self-dual and antiself-dual parts 

F= {F+ + F-) ■ G= {G+ + G-) (44) 

and taking into account that we have 

G+ = MF+ ■ G' = ATF" (45) 
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the duahty rotation of eq. fl42p can be rewritten as 

F+Y ^ [A B\fF+\ fF-\ ^ ( A B\( F' 

G+ J \C d)\MF+) ' \G' ) \C d)\J7F 

(46) 

Now, let us note that, since in the system we are considering (eq. fl32l) ) 
the gauge fields are coupled to the scalar sector via the scalar-dependent 
kinetic matrix Af, when a duality rotation is performed on the vector field 
strengths and their duals, we have to assume that the scalars get transformed 
correspondingly, through the action of some diffeomorphism on the scalar 
manifold Aiscaiar- In particular, the kinetic matrix A/"($) transforms under a 
duality rotation. Then, a duality transformation ^ acts in the following way 
on the supersymmetric system: 

r V v'^ = Si:V^ 

e : < $ ^ $' = ^($) (47) 

Thus, the transformation laws of the equations of motion and of A/", and so 
also the matrix S^, will be induced by a diffeomorphism of the scalar fields. 
Focusing in particular on the first relation in flTr|) . that explicitly reads: 



(48) 



^ \ - ( + 

G^' J ~ \C^F^ + D^G^ 

we note that it contains the magnetic field strength introduced in ([3] 
which is defined as a variation of the kinetic lagrangian. Under the transfor- 
mations flTTI) the lagrangian transforms in the following way: 

C = i[(A5 + fi5Ar)/(A5 + 55Ar)^^ArXs($)F+rF+^ 

- {A^ + E^AT)/ {A^ + B^jr)\jr'^^{^)F-^F~^] ; (49) 

Equations fHTj) must be consistent with the definition of G^ as a variation 
of the lagrangian fH^ : 



G'^ = (Q + D^AT)^^ = -'-^ = {A, + B,Ar)%Af[^F^^ (50) 



1 dC 

2 dF'+^ 
that implies: 

Kj^m = [(Q + D^^) ■ + B^^r']^^ ; (51) 
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The condition that the matrix M is symmetric, and that this property must 
be true also in the duahty transformed system, gives the constraint: 



S e Sp{2nv, M) C GL{2nv, M) , 



(52) 



that is: 



S^CS 



C, 



(53) 



where C is the symplectic invariant 2ny x 2ny matrix: 



C 





1 







1 



) 



(54) 



It is useful to rewrite the symplectic condition (!53i) in terms of the ny x ny 
blocks defining S: 



A^C-C'A = B^D-D^B = 0; D - B = 1 . (55) 



The above observation has important implications on the scalar manifold 
M. scalar- Indeed, it implies that on the scalar manifold the following homo- 
morphism is defined: 



In particular, the presence on the manifold of a function of scalars transform- 
ing with a fractional linear transformation under a duality rotation on the 
scalars, induces the existence on M. scalar of a linear structure (inherited from 
the vectors). As we are going to discuss in detail in section [321 this may be 
rephrased by saying that the scalar manifold is endowed with a symplectic 
bundle. As the transition functions of this bundle are given in terms of the 
constant matrix 5, the symplectic bundle is flat. In particular, as we will 
see in section 13. 2[ for the N = 2 four dimensional theory this implies that 
the scalar manifold be a special manifold, that is a Kahler-Hodge manifold 
endowed with a fiat symplectic bundle. 

If we are interested in the global symmetries of the theory (i.e. global 
symmetries of the field equations and Bianchi identities) we will need to 
restrict the duality transformations, namely the homomorphism in (1561) . to 
the isometrics of the scalar manifold, which leave the scalar sector of the 
action invariant. The transformations fB7|) . which are duality symmetries of 



Dtff{Mscalar)^Sp{2n,R). 



(56) 
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the system field-equations/Bianchi-identities, cannot be extended in general 
to be symmetries of the lagrangian. The scalar part of the lagrangian fl32|] 
is invariant under the action of the isometry group of the metric grs-, but the 
vector part is in general not invariant. The transformed lagrangian under 
the action of 5 e Sp{2nv, M) can be rewritten: 

lm{F-^G^) lm{F'-^G'j[) 

= lm[F-^G^ + 2{C^B)^F-^G^ + 

+ {C^A)^^F'^F'^ + {D^B)''^GlG^] . (57) 

It is evident from (157|) that only the transformations with B = C = Q are 
symmetries. 

If C 7^ 0, i? = the lagrangian varies for a topological term: 

(C^A)AsF^Vi''''^'^ (58) 

corresponding to a redefinition of the function RcA/as; such a transformation 
being a total derivative it leaves classical physics invariant, but it is relevant 
in the quantum theory. It is a symmetry of the partition function only 
if ARcA/as = \{C^ A) is an integer multiple of 27r, and this implies that 
S e ^p(2ny,2) C ^p(2ny,M). 

For i? 7^ neither the action nor the perturbative partition function are 
invariant. Let us observe that in this case the transformation law (IHTj) of the 
kinetic matrix M contains the transformation M ^ —jf that is it exchanges 
the weak and strong coupling regimes of the theory. One may then think 
of such a quantum field theory as being described by a collection of local 
lagrangians, each defined in a local patch. They are all equivalent once one 
defines for each of them what is electric and what is magnetic. Duality 
transformations map this set of lagrangians one into the other. 

At this point we observe that the supergravity bosonic lagrangian (132!) 
is exactly of the form considered in this section as far as the matter content 
is concerned, so that we may apply the above considerations about duality 
rotations to the supergravity case. In particular, the U-duality acts in all 
theories with N > 2 supersymmetries, where the vector supermultiplets con- 
tain both vectors and scalars. For = 1 supergravity, instead, vectors and 
scalars are still present but they are not related by supersymmetry, and as 
a consequence they are not related by U-duality rotations, so that the pre- 
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vious formalism does not necessarily apply U- In the next subsection we will 
discuss in a geometric framework the structure of the supergravity theories 
for N > 2. In particular, for theories whose cx-model is a coset space (which 
includes all theories with > 2) we will give the expression for the kinetic 
vector matrix A/ae in terms of the Sp{2nv) coset representatives embedding 
the U-duality group. Furthermore we will show that in the N = 2 case, al- 
though the (T-model of the scalars is not in general a coset space, yet it may 
be treated in a completely analogous way. 

3.2 Duality symmetries and central charges 

Let us restrict our attention to A^-extended supersymmetric theories coupled 
to the gravitational field, that is to supergravity theories, whose bosonic 
action has been given in (|32|) . For each theory we are going to analyze the 
group theoretical structure and to find the expression of the central charges, 
together with the properties they obey. As already mentioned, with the 
exception of the = 1 and N = 2 cases, all supergravity theories in four 
dimensions contain scalar fields whose kinetic Lagrangians are described by 
cr-models of the form G/H (we have summarized these cases in Table H]). 
We will first examine the theories with N > 2, extending then the results 
to the N = 2 case. Here and in the following, G denotes a non compact 
group acting as isometry group on the scalar manifold while H, the isotropy 
subgroup, is of the form: 

H = HauI ® Hmatter (59) 

Haui being the automorphism group of the supersymmetry algebra while 
Hmatter is related to the matter multiplets. (Of course Hmatter = 1 in all 
cases where supersymmetric matter does not exist, namely > 4). 

We will see that in all the theories the fields are in some representation of 
the isometry group G of the scalar fields or of its maximal compact subgroup 
H. This is just a consequence of the Gaillard-Zumino duality acting on the 
2-form field strengths and their duals, discussed in the preceding section. 

The scalar manifolds and the automorphism groups of supergravity the- 
ories for any D and A^ can be found in the literature (see for instance ^8] , 

^There are however = 1 models where the scalar moduli space is given by a special- 
Kahler manifold. This is the case for example for the compactification of the heterotic 
theory on Calabi-Yau manifolds. 
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[IS], [SI, [5D])- As it was discussed in the previous section, the group G 
acts hnearly in a symplectic representation on the electric and magnetic field 
strengths appearing in the gravitational and matter multiplets. Here and in 
the following the index A runs over the dimensions of some representation 
of the duality group G. Since consistency of the quantum theory requires 
the electric and magnetic charges to satisfy a quantization condition, the 
true duahty symmetry at the quantum level (U-duality), acting on quan- 
tized charges, is a suitable discrete version of the continuous group G [TO] . 
The moduli space of these theories is G{W.)\G/ H . 

All the properties of the given supergravity theories for > 3 are com- 
pletely fixed in terms of the geometry of G/H, namely in terms of the coset 
representatives L satisfying the relation: 



where g e G, h e H and $' = $'($), $ being the coordinates of G/H. 
Note that the scalar fields in G/H can be assigned, in the linearized theory, 
to linear representations Rh of the local isotropy group H so that dim Rh 
= dim G — dim H (in the full theory, Rh is the representation which the 
vielbein of G/H belongs to). 

With any field-strength we may associate a magnetic charge and 
an electric charge q\ given respectively by: 



where S*^ is a spatial two-sphere in the space-time geometry of the dyonic 
solution (for instance, in Minkowski space-time the two-sphere at radial in- 
finity S^). Clearly the presence of dyonic solutions requires the Maxwell 
equations (138!) to be completed by adding corresponding electric and mag- 
netic currents on the right hand side. These charges however are not the 
physical charges of the interacting theory; these latter can be computed by 
looking at the transformation laws of the fermion fields, where the physical 
field strengths appear dressed with the scalar fields [50], [SI]- It is in terms 
of these interacting dressed field strengths that the field theory realization 
of the central charges occurring in the supersymmetry algebra f[T2l) is given. 
Indeed, let us first introduce the central charges: they are associated with 
the dressed 2-form Tab appearing in the supersymmetry transformation law 
of the gravitino 1-form. The physical graviphoton may be identified from the 



Li<^')=gLi^)hig,^) 



(60) 





(61) 
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supersymmetry transformation law of the gravitino field in the interacting 
theory, namely: 



St/JA = Ve^ + aTABi^ul'^r^'e^Va + ■■■ 



(62) 



Here V is the covariant derivative in terms of the space-time spin connection 
and the composite connection of the automorphism group HAut, a is a coef- 
ficient fixed by supersymmetry, is the space-time vielbein. A — 1, - ■ ■ ,N 
is the index acted on by the automorphism group. Here and in the follow- 
ing the dots denote trilinear fermion terms which are characteristic of any 
supersymmetric theory but do not play any role in the following discussion. 
The 2-form field strength Tab will be constructed by dressing the bare field 
strengths with the coset representative L{^) ol G/H, $ denoting a set 
of coordinates olG/H. 

Note that the same field strength Tab which appears in the gravitino 
transformation law is also present in the dilatino transformation law in the 
following way: 



Analogously, when vector multiplets are present, the matter vector field 
strengths 7/ appearing in the transformation laws of the gaugino fields, which 
are named matter vector field strengths, are linear combinations of the field 
strengths dressed with a different combination of the scalars: 



scalar manifolds spanned by the scalar fields of the gravitational and vector 
multiplets respectively (more precise definitions are given below), and (5 and 

7 are constants fixed by supersymmetry. 

In order to give the explicit dependence on scalars of T^b, T^ , it is neces- 
sary to recall from the previous subsection that, according to the Gaillard- 
Zumino construction, the isometry group G of the scalar manifold acts on 
the vector {F~^, G^) (or its complex conjugate) as a subgroup of Sp{2ny, M) 
(ny is the number of vector fields) with duality transformations interchanging 
electric and magnetic field strengths: 



5XABC = PABCD/d^(t>'Ye'' + |3^AB\^^.l^''ec] + • • • 



(63) 



Here Pabcd 





(65) 
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Let now be the coset representative of G in the symplectic representa- 
tion, namely as a 2ny x 2nv matrix belonging to 5'p(2ny,M) and therefore, 
in each theory, it can be described in terms of ny x ny blocks Al, Bl, Cl, Dl 
satisfying the same relations fl55|) as the corresponding blocks of the generic 
symplectic transformation S. 

Since the fermions of supergravity theories transform in a complex rep- 
resentation of the R-symmetry group HAut C G, it is useful to introduce a 
complex basis in the vector space of Sp{2nv,M.), defined by the action of 
following unitary matrixl§ 

A = —(^ 

and to introduce a new matrix V($) obtained by complexifying the right 
index of the coset representative L{^), so as to make its transformation 
properties under right action of H manifest: 

V($)=([ ^^=mA\ (66) 

where: 

f = -^(AL-iBL); h = i=(Ci-iDi), 

From the properties of L{^) as a symplectic matrix, it is easy to derive the 
following properties for V: 

Vr^V^ = -iC ; V^CV = ir/, (67) 

where the symplectic invariant matrix C and rj are defined as follows: 



^We adopt here and in the following a condensed notation where 1 denotes the ny 
dimensional identity matrix = Sff . In supergravity calculations, the index M is often 
decomposed as M — {AB,I), AB = —BA labelling the two-times antisymmetric repre- 
sentation of the R-symmetry group Haui and / running over the Hmatter representation 
of the matter fields. We use the convention that the sum over the antisymmetric couple 
AB be free and therefore supplemented by a factor 1/2 in order to avoid repetitions. In 
particular with these conventions, when restricted to the AB indices, the identity reads: 

H^-B ^ r,s:AB _ s:As:B _ fArB 
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and, as usual, each block is an ny x ny matrix. The above relations imply 
on the matrices f and h the following properties: 

i(fth-htf) = 1 
(f*h-h*f) = 

The ny x ny blocks f , h of V can be decomposed with respect to the isotropy 
group HAut X Hmatter as: 

f = (/ab Jt) = (fV) , 

h = (/iAAB,/iA7) = (^am) , (70) 

where AB are indices in the antisymmetric representation of Haui = SU{N) x 
f/(l), / is an index of the fundamental representation of Hmatter and M = 
{AB, I). Upper SU{N) indices label objects in the complex conjugate rep- 
resentation of SUiN): (/^^)* = 7^^'', =Jj= f etc... 

Let us remark that, in order to make contact with the notation used 
for the N = 2 case, in the definition ( |70|) some of the entries (/j and hj^j) 
have been written as complex conjugates of other quantities (//^ and h\i 
respectively). In this way, f^^ and are characterized by having Kahler 
weight of the same sign. Indeed, for all the matter coupled theories {N = 
2,3,4) we have, as a general feature, that the entries of the blocks f and 
h carrying Hmatter indices have a Kahler weight with an opposite sign with 
respect to the corresponding entries with HAut indices. This may be seen 
from the supersymmetry transformation rules of the supergravity fields, in 
virtue the fact that gravitinos and gauginos with the same chirality have 
opposite Kahler weight. We note however that this notation differs from the 
one in previous papers, where the upper and lower parts of the symplectic 
section were defined instead as (Z^^, f^) , {h/^AB, ^a/)- 

It is useful to introduce the following quantities 

Vm = {Vab, Vj) , where: 

Vab = {fL,hAAB) ; Vj^{f^,hAj). (71) 

The vectors Vm are (complex) symplectic sections of a Sp{2ny, M) bundle 
over G/H. As anticipated in the previous subsection, this bundle is actually 
fiat. The real embedding given by L{^) is appropriate for duality trans- 
formations of and their duals G^, according to equations fH6l) . while 
the complex embedding in the matrix V is appropriate in writing down the 
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fermion transformation laws and supercovariant field strengths. The kinetic 
matrix A/", according to Gaillard-Zumino [33], can be written in terms of the 
subblocks f, h, and turns out to be: 

Ar = hr\ J\f = M\ (72) 

transforming projectively under Sp{2ny, R) duality rotations as already shown 
in the previous section. By using fl69|) and fl72l) we find that 

{fy^ = i{N-Jl)i, (73) 

that is 

(f-^)^^ = i(Ar-Ar)W^^'', (74) 

{r')\ = i{M-Jf)^^f~' . (75) 

It can be shown [50j that the dressed graviphotons and matter self-dual field 
strengths appearing in the transformation law of gravitino fl62l) . dilatino fl63l) 
and gaugino flMl) can be constructed as a symplectic invariant using the f 
and h matrices, as follows: 

T^j, = -i{r')ABAF-^ = f^j, (AT - Ar)As F''^ = h^AB - Gl , 

Tj = -ii^')^^F-^ = JU^^-J7)^^F~^ = h^^F~^-JiG-^, 

T+ = {TjY, (76) 

(for > 4, supersjTiimetry does not allow matter multiplets and fj^ = = 
Ti). To construct the dressed charges one integrates Tab = T^b + ^ab 
(for = 3, 4) Tj = Tj + Tj on a large 2-sphere. For this purpose we note 
that 

Tab = ^^AB F~^^ - Jab = , (77) 
= hj,jF^^-JjGt = 0, (78) 

as a consequence of eqs. (172|) . (H5|) . Therefore we can introduce the central 
and matter charges as the dressed charges obtained by integrating the 2-forms 
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Tab and Tj: 

= f^BQA-hAABp'', (79) 

Zj = [ Tj=-j- [ (T^ + Tj) = -i- [ Tj = 



Att J g2 Arc J 52 Att j 52 

= /t^a-Z^at/ (iV<4), 

(80) 

where and q\ were defined in f l6T|) and the sections (/^, /ia) on the right 
hand side now depend on the v.e.v.'s $00 = ^i^r = 00) of the scalar fields 
We see that because of the electric-magnetic duality, the central and matter 
charges are given in this case by symplectic invariant expressions. 

The scalar field dependent combinations of fields strengths appearing in 
the fermion supersymmetry transformation rules have a profound meaning 
and, as we are going to see in the following, they play a key role in the 
physics of extremal black holes. The integral of the graviphoton Tab^iv gives 
the value of the central charge Zab of the supersymmetry algebra, while by 
integration of the matter field strengths Ti\^y one obtains the so called matter 
charges Zj. 

We are now able to derive some differential relations among the central 
and matter charges using the Maurer-Cartan equations obeyed by the scalars 
through the embedded coset representative V. Indeed, let V = Y~^dY be 
the Sp{2nv, K) Lie algebra left invariant one form satisfying: 

rfr + r A r = . (8i) 

In terms of (f , h) , F has the following form: 

1 _ / i(ftdh - htrff) i(ftdh - htrff) \ ^ /fiW _V 

V -i(f*c/h - h*rff ) -i(f*(ih - h*rff) J ~\ V n^^^ 

(82) 

where the ny x ny sub-blocks fi^^^ and V embed the H connection and the 
vielbein oi G/H respectively. This identification follows from the Cartan 
decomposition of the S'p(2ny,M) Lie algebra. 

From fl66l) and fl82|) . we obtain the {ny x ny) matrix equation: 

D(n)f = fP, 

D{n)h = hV, (83) 
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together with their complex conjugates. Exphcitly, if we define the Haui x 
Hmatter-covaiiant derivative of the vectors, introduced in (ITTi) . as: 

DVm = dVM - Vn co^'m, ^ = ( """If ^ jl^ ) , (84) 

we have: 

= i[ft(Dh + hc^) - h^Di + iu)] = iul , (85) 

where we have used: 

Dh = JfDf- h = ATf , (86) 

which follow from (!83|) and the fundamental identity (!69|) . Furthermore, 
using the same relations, the embedded vielbein V can be written as follows: 

P = -i(f*Dh-h*Df) = if*(Ar-Ar)Df . (87) 

Using further the definition ( ITOl) we have: 

DH77 = ^/^^""^^M + r^^TT, (88) 
where we have decomposed the embedded vielbein V as follows: 

V -^ICD ^IJ J 

the subblocks being related to the vielbein of G/H, written in terms of the 
indices of HAut x Hmatter- In particular, the component Pabcd is completely 
antisymmetric in its indices. Note that, since f belongs to the unitary ma- 
trix V, we have: V = (/ab;//)* = (/ )/^^)- Obviously, the same 
differential relations that we wrote for f hold true for the dual matrix h as 
well. 

Using the definition of the charges ( 179|) . ( IHOi) we then get the following 
differential relations among charges: 

D{uj)Zab = ZjPis + h'''' Pabcd, 
D{uj)Zj = h^^'PABi + Z^Pjj. (90) 
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Depending on the coset manifold, some of the subblocks of (15^ can be ac- 
tually zero. For example in = 3 the vielbein of G/H = 5^/(3) xgc/(rajx^(i) 
[52] is Pjj^Q [AB antisymmetric), / = 1, ■ ■ ■ ,n] A, B = 1, 2, 3 and it turns out 
that Pabcd = Ptj = 0. 



In iV = 4, G/H 



0(6,n) 



|53j, and we have Pabcd 



^abcdP) 
D SU{A) 



U{1) 0(6)xO(n) 

Pjj = P5jj, where P is the Kahlerian vielbein of ^jf'^p-, {A 

indices and J, J 0{n) indices) and Piab is the vielbein of o(e)xo\n) ■ 

For > 4 (no matter indices) we have that V coincides with the vielbein 
Pabcd of the relevant G/H. 

For the purpose of comparison of the previous formalism with the N = 2 
supergravity case, where the cx-model is in general not a coset, it is interesting 
to note that, if the connection n^^^ and the vielbein V are regarded as data 
of G/H, then the Maurer-Cartan equations fl88l) can be interpreted as an 

integrable system of differential equations for the section (Vab, Vj, V , V^) 
of the symplectic fiber bundle constructed over G/H. Namely the integrable 
system (184|) that we explicitly write in the following equivalent matrix form 



/Vab\ 



D 



( 



\ 






l-pABCD 
2 

l-pICD 
2 






^ Pabcd 


Pabj 


\ 





2^ICD 


Pjj 














pABl 












/ 



(VcD 

V 



\ 



J 

7D 



(91) 



has 2ny solutions given by 'V m- The integrability condition ( IHTi) means that 
F is a flat connection of the symplectic bundle. In terms of the geometry of 
G/H this in turn implies that the H-curvature associated to the connection 
Q/-^'> (and hence, since the manifold is a symmetric space, also the Rieman- 
nian curvature) is constant, being proportional to the wedge product of two 
vielbein. 

Furthermore, besides the differential relations (l90l) the charges also satisfy 
sum rules. 

The sum rule has the following form: 

1 



-ZabZ + ZiZ 



-Q'M{U)Q, 



(92) 



where C is the symplectic metric while M.{N') and Q are: 



M{M) 



1 -ReAr\ f\mN 
1 / V 







1 

-ReAT 
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/ ImAf + ReAflmAf-^ReAf -ReAflmAf'^ \ _ ^ 
~ \ -ImM-'ReAf ImAT-i J - ^ ^ V (L , 

(93) 

and 

This result is obtained from the fundamental identities (1691) and from the 
definition of V and of the kinetic matrix given in (1661) and fl721) . Indeed one 
can verify that [50l [5i 



fft = _i(Ar-Ar)~' , 

hf^ = A/'ff^ 

fh^ = ffW, (95) 



so that, using the explicit expression for the charges in eqs. (1791) and (180|) . 
eq. (l92l) is easily retrieved. 

In the following, studying the applications of these formulas to extremal 
black holes, other relations coming from the same identities listed above will 
also be useful, in particular: 



1 /-hh^ hft \ 1 

-(A^ + iC) = ^/^^j =-CV(l + r^)VtC = 

= -(CV)M(CV)^^ (96) 

^{M + iC)YM = ICVm, (97) 

^(A^-iC)VM = 0, (98) 

MQ = CVVl'Cg = -2Re(cVM <Q,V*^ >) , (99) 
eg = -iCVT^V^Cg = -2Im(^CVM < g,V*^ >^L00) 

The symplectic scalar product appearing in ( l99l) . (llOOp is defined as: 

<V,W> = V'CW, (101) 
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moreover V = (Vm)*- Using eqs. (17T|) . fl79l) and (IHOj) we can use the 
following short-hand notation for the central charge vector: 

Zm = {Zab, Zj) =< Q, Vm > • (102) 
From the above expression and from eq. ( l96l) equation (1921) follows. 

3.3 The N = 2 theory 

The formalism we have developed so far for the D = 4, N > 2 theories is 
completely determined by the embedding of the coset representative of G/H 
in Sp{2n,'R) and by the embedded Maurer-Cartan equations ( l88l) . We want 
now to show that this formalism, and in particular the identities (!69l) . the 
differential relations among charges (!90!) and the sum rules (p2!) of = 2 
matter-coupled supergravity [55], [56] can be obtained in a way completely 
analogous to the N > 2 cases discussed in the previous subsection, where 
the (T-model was a coset space. This follows essentially from the fact that, 
though the scalar manifold scalar of the N = 2 theory is not in general 
a coset manifold, nevertheless it has a symplectic structure identical to the 
N > 2 theories, as a consequence of the Gaillard-Zumino duality. 

In the case of = 2 supergravity the requirements imposed by super- 
symmetry on the scalar manifold A4 scalar of the theory dictate that it should 
be the following direct product: Mscaiar = M.^^ ® where M^^ is 

a special Kahler manifold of complex dimension n and a quaternionic 
manifold of real dimension Ann- Note that n and uh are respectively the 
number of vector multiplets and hypermultiplets contained in the theory. 
The direct product structure imposed by supersymmetry precisely reflects 
the fact that the quaternionic and special Kahler scalars belong to different 
supermultiplets. In the construction of extremal black holes it turns out 
that the hyperscalars are spectators playing no dynamical role. Hence we 
do not discuss here the hypermultiplets any further and we confine our at- 
tention to an = 2 supergravity where the graviton multiplet, containing 
besides the graviton g^^, also a graviphoton y4°, is coupled to n vector mul- 
tiplets. Such a theory has an action of type (13^ where the number of gauge 
fields is ny = 1 + n and the number of (real) scalar fields is m = 2 n. We 
shall use capital Greek indices to label the vector fields: A, E . . . = 0, . . . , n. 
To make the action (152]) fully explicit, we need to discuss the geometry of 
the manifold Ai^^ spanned by the vector- multiplet scalars, namely special 
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Kahler geometry. Since Ai is in particular a complex manifold, we shall 
describe the corresponding scalars as complex fields: z\ z\ i, i = 1, . . . ,n. 
We refer to [57j for a detailed analysis. A special Kahler manifold Ai^^ is 
a Kahler-Hodge manifold endowed with an extra symplectic structure. A 
Kahler manifold is a Hodge manifold if and only if there exists a U{1) 
bundle C — > M. such that its first Chern class equals the cohomology class 
of the Kahler 2-form K: 

ci{C) = [K] . (103) 

In local terms we can write 

K = iQi-jdz' A (104) 

where are n holomorphic coordinates on M.^^ and gi^ its metric. 
In this case the U{1) Kahler connection is given by: 

Q = -1 {diKdz' - djlCdt) , (105) 

where /C is the Kahler potential, so that K = dQ. 

Let now $(2;, 2) be a section of the U{1) bundle of weight p. By definition 
its covariant derivative is 

= {d + ipQ)^ , (106) 

or, in components, 

A$ = (di + lpdiJC)^ ; = (^-lpa,/C)$ . (107) 

A covariantly holomorphic section is defined by the equation: = 0. 

Setting: 

$ = e-P^/2$ , (108) 

we get: 

= (di+pdiK:)^ ; A$ = , (109) 

so that under this map covariantly holomorphic sections $ become truly 
holomorphic sections. 

There are several equivalent ways of defining what a special Kahler man- 
ifold is. An intrinsic definition is the following. A special Kahler manifold 
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can be given by constructing a 2n+2-dimensional flat symplectic bundle over 
the Kahler-Hodge manifold whose generic sections (with weight p = 1) 

V=U\h^), (110) 

are covariantly holomorphic 

D,V={d,-]^d,lC)V = Q, (111) 
and satisfy the further condition 

i<V,V>= i(7^/iA - 7^a/^) = 1 , (112) 
where the < , > product was defined in fllOll) . Defining 

V, = D,V = {ft,h^i), (113) 
and introducing a symmetric three-tensor Cijk by 

A'^, = , (114) 

the set of differential equations 

DiV = V,, 

DiVj = ia,k9''V^, 
DiVj = gtjV , 

AF = 0, (115) 

defines a symplectic connection. Requiring that the differential system (11151) 
is integrable is equivalent to requiring that the symplectic connection is 
flat. Since the integrability condition of flll5p gives constraints on the base 
Kahler-Hodge manifold, we define special-Kahler a manifold whose associ- 
ated symplectic connection is flat. At the end of this section we will give the 
restrictions on the manifold imposed by the flatness of the connection. 

It must be noted that, for special Kahler manifolds, the Kahler potential 
can be computed as a symplectic invariant from eq. f lll2p . Indeed, introduc- 
ing also the holomorphic sections 

^ = e-^/V = e-^/^(/^M = (X^F^), 
d,VL = (116) 
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eq. flll2p gives 

/C = -lni<l],n>=-lni(XVA-X^FA) . (117) 

If we introduce the complex symmetric [n + 1) x [n + 1) matrix A/as defined 
through the relations 

/iA=ArAs/^ , h^, = ^^j:jf, (118) 



then we have: 
so that 
and 



<V,V>= {^-W)^^f^f = -i, (119) 



/C = -ln[i(X^(Ar-Ar)^sX^)], (120) 



g,^ = -i < V„ Vj >= -2//^ImArAs/, , (121) 
Qjk = < AV,-, Vk >= mmMA^f.^Djf^ . (122) 

We shall also use the following identity which follows from the previous ones 



f^'g^'fj = -i(ImAr)-i^^-L^L^ (123) 



The matrix A/as turns out to be the matrix appearing in the kinetic la- 
grangian of the vectors in = 2 supergravity. Under coordinate transfor- 
mations, the sections Q transform as 

Q = e-^'^^'^SQ , (124) 

where 5 = is an element of S'p(2ny,]R) and the factor e~^^^^'' is 

a f/(l) Kahler transformation. We also note that, from the definition of A/", 
eq. (ITT81) : 

U{X,F) = [C + DAf{X,F)][A + BAf{X,F)]~^ . (125) 

We can now define a matrix V as in ( |66l) satisfying the relations (1671) . in 

terms of the quantities {f^, f j, /ia, ^ai) introduced in ( lllOp and ( 1113^ . In 
order to identify the blocks f and h of V in ( l66l) . we note that in = 2 
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theories HAut = SU{2) x f/(l), so that the /^^ and /iaab entries in (1701) are 
actually S'[/(2)-singlets. We can therefore consistently write f and h as the 
following ny x ny matrices: 

f=(/ABJ?); \^^{hKAB,KT) . (126) 

where Z^^, /^aab and f^, h\j are defined as follows: 

/a_B = ^AB ; hj^AB = hA eAB , 

= ft PI ; hAi = hArPl (127) 

P|, Pj being the inverse of the Kahlerian vielbein P/, Pj defined by the 
relation: 

g,, = PlPjVij, (128) 

and rij-j is the fiat metric. From the definition f ll26p and the properties 
(11191) . (I12ip it is straightforward to verify that the f and h blocks satisfy the 
relations fl69l) . or equivalently that the matrix V satisfies the conditions fl67|) . 
The relations fl69l) therefore encode the set of algebraic relations of special 
geometry. 

Let us now consider the analogous of the embedded Maurer-Cartan equa- 
tions of G/H. We introduce, as before, the matrix one-form T = V~^(iV 
satisfying the relation (iF -|- F A F = 0. We further introduce the covari- 
ant derivative of the symplectic section {f^,fj,f , ft) with respect to the 
?7(1)-Kahler connection Q and the spin connection u^'^ of Ai^^: 

D{fM7j\ft) = 

/-iQ \ 



d{f\ fj, f\ ft) - (/^ f\ ft) 



iQdj + Lu-^j 
iQ 

-iQ(5/ + cu-^ 



(129) 



the Kahler weight of (/^, ft) and (/^, fj) being p = 1 and p = —1 respec- 
tively. Using the same decomposition as in equation fl82l) and eq.s f l8^ . fl85l) 
we have in the N = 2 case: 

V n 
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For the subblock V we obtain: 





pj 



Pi 



V = -iifDh - h'Df) = \f\U - Jf)Df = 
where P"^ = rj-^^Pj is the (1, 0)-form Kahlerian vielbein while 

p■L^i{f\^^-^j')DfYJ 



(131) 



(132) 



is a one- form which in general, in the cases where the manifold is not a coset, 
represents a new geometric quantity on Ai^^ . Note that we get zero in the 
first entry of equation (11311) by virtue of the fact that the identity fl69|) implies 
f^{Af — 'Af')AT,ff = and that is covariantly holomorphic. If Q and V 
are considered as data on Ai^^ then we may interpret F = V~^dV as an 
integrable system of differential equations, namely: 



D{V,Vj, V,Vi) = {V,V^, V,Vj 



where the flat Kahler indices J, J, 



/ 









Pi 



0_ 

p" 






Pl\ 

p'. 


/ 



(133) 



are raised and lowered with the fiat 
Kahler metric rjjj. Note that the equation (I133P coincides with the set of 
relations (IllSp if we trade world indices i, i with fiat indices J, /, provided 
we also identify: 



P\ 



P ikdz^ 



P'^'Pj'Q,kdz 



(134) 



Then, the integrability condition dF + F A F = is equivalent to the flatness 
of the special Kahler symplectic connection and it gives the following three 
constraints on the Kahler base manifold: 



d{iQ) + PiAP^ 







djdiJC 



{dui + uj /\uj) 



P.iAP 



J_ 
I 

DP^j 

J 



PjAP^ 

0, 

0. 



- P ,iPi,3 - 9i-j , 
idQ6j -P^AP^j, 



(135) 

(136) 
(137) 
(138) 



Equation fll35p implies that Ai^^ is a Kahler-Hodge manifold. Equation 
f ll36p . written with holomorphic and antiholomorphic curved indices, gives: 



P^jki - 9ti9jk + 9ki9tj - CjkjfjCjing' 



(139) 
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which is the usual constraint on the Riemann tensor of the special geometry. 
The further special geometry constraints on the three tensor Cijk are then 
consequences of equations fll37p . fllSSp . which imply: 

D[iCi]jk = , 

D^C^k = 0. (140) 

In particular, the first of eq. fll4UI) also implies that Cijk is a completely 
symmetric tensor. 

In summary, we have seen that the N = 2 theory and the higher N 
theories have essentially the same symplectic structure, the only difference 
being that since the scalar manifold of = 2 is not in general a coset 
manifold the symplectic structure allows the presence of a new geometric 
quantity which physically corresponds to the anomalous magnetic moments 
of the N = 2 theory. It goes without saying that, when Ai^^ is itself a 
coset manifold [58], then the anomalous magnetic moments Cijk must be 
expressible in terms of the vielbein of G/H. 

To complete the analogy between the N = 2 theory and the higher N 
theories in D = 4, we also give for completeness the supersymmetry transfor- 
mation laws, the central and matter charges, the differential relations among 
them and the sum rules. 

The transformation laws for the chiral gravitino i/ja and gaugino A*"^ fields 

are: 

S^A^ = V^eA+ eABT^uYe"" + ■ ■ • , (141) 
= id^z^r^^ + ]fj,ul^''g~'e^''eB + ■ ■ ■ , (142) 

where: 

T = /iaF^-/^Ga, (143) 

T, = TjPI , with: Tj = h^jF'' - /jGa , (144) 

are respectively the graviphoton and the matter-vectors, and the position of 
the SU{2) automorphism index A (A,B=1,2) is related to chirality (namely 
{ipA, A*"^) are chiral, {ip"^, A^) antichiral). In principle only the (anti) self-dual 
part of F and G should appear in the transformation laws of the (anti) chiral 
fermi fields; however, exactly as in eqs. fl77|) . fl78|) for N > 2 theories, from 
equations flllSp it follows that : 

Tf = /iA/F-^-/,^GX = 0, (145) 
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so that T = T~ and T/ = Tf (i.e. T = T , Tj = Tj). Note that both the 
graviphoton and the matter vectors are symplectic invariant according to the 
fact that the fermions do not transform under the duahty group (except for a 
possible R-symmetry phase). To define the physical charges let us recall the 
definition of the moduli- independent charges in (16T!) . The central charges and 
the matter charges are now defined as the integrals over S"^ of the physical 
graviphoton and matter vectors: 

Z = [ T = -^ [ {h^F^-f^G^) = f\z,z)q^-h^{z,z)p^, 

477 Js2 477 Js2 

Zi = /// = -^ J^{hAiF^-f^G^)=f^{z,z)q^-hj,i{z,z)p^. 

(146) 

where z^,z^ denote the v.e.v. of the moduli fields in a given background. In 
virtue of eq. flllSp we get immediately: 

Zi = P} Zi - Zi = DiZ . (147) 

As a consequence of the symplectic structure, one can derive two sum rules 
for Z and Zf. 

+ \Zi\^ = \Z\^ + Z,g'% = —Q'MQ (148) 

where the symmetric matrix Ai was defined in (193|) and Q is the symplectic 
vector of electric and magnetic charges defined in (jUj). 

Equation fll48p is obtained by using exactly the same procedure as in 



4 Supersymmetric black holes: General dis- 
cussion 

We are going to study in this section the peculiarities of extremal black holes 
that are solutions of extended supergravity theories. 

As anticipated in the introduction, for black-hole configurations that are 
particular bosonic backgrounds of iV-extended locally supersjTumetric theo- 
ries, the cosmic censorship conjecture (expressing the request that the space- 
time singularities are always hidden by event horizons) finds a simple and 
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natural understanding. For the Reissner-Nordstrom black holes this is codi- 
fied in the bound (jl]) on the mass M and charge Q of the solution, that we 
recall here 



In extended supersymmetric theories this bound is just a consequence of the 
super symmetry algebra fl2T|) . as a consequence of the fact that 



so that the cosmic censorship conjecture is always verified. 

Another general property of extremal black holes, that will be surveyed 
in section O is encoded in the so-called no-hair theorem. It states that the 
end point of the gravitational collapse of a black hole is independent of the 
initial conditions. Then, if one tries to perturb an extremal black hole with 
whatever additional hair (some slight mass anisotropy, or a long-range field, 
like a scalar) all these features disappear near the horizon, except for those 
associated with the conserved quantities of general relativity, namely, for a 
non-rotating black hole, its mass and charge. When the black hole is embed- 
ded in an iV-extended supergravity theory, the solution depends in general 
also on scalar fields. In this case, the electric charge Q has to be replaced by 
the central charge appearing in the supersymmetry algebra (which is dressed 
with the expectation value of scalar fields). The black-hole metric takes a 
generalized form with respect to the Reissner-Nordstrom one. However, for 
the extremal case the event horizon looses all information about the scalar 
'hair'. As for the Reissner-Nordstrom case, the near- horizon geometry is 
still described by a conformally flat, Bertotti-Robinson-type geometry, with 
a mass parameter Mg_j^ which only depends on the distribution of charges 
and not on the scalar fields. As will be discussed extensively in section O this 
follows from the fact that the differential equations on the metric and scalars 
fields of the extremal black hole fl200p . (12011) are solved under the condition 
that the horizon be an attractor point [2J (see equation (I207P ). Scalar fields, 
independently of their boundary conditions at spatial infinity, approaching 
the horizon fiow to a fixed point given by a certain ratio of electric and mag- 
netic charges. Since the dominant contribution to the black-hole entropy is 
given (at least for large black holes) by the area/entropy Bekenstein-Hawking 
relation ([1]), it follows that the entropy of extremal black holes is a topolog- 
ical quantity fixed in terms of the quantized electric and magnetic charges 
while it does not depend on continuous parameters like scalars. 



M > \Q\. 



(149) 



(150) 
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It will be shown that the request that the scalars $^ be regular at the 
fixed point (reached at the horizon r oo) implies two important conditions 
which have both to be satisfied: 



dr 



= (151) 

hor 



0. (152) 



hor 



where the function Vg_jj($,p, g), called the black- hole potential, will be in- 
troduced in fl203|) . 

Exploiting fll52p . a decade ago a general rule was given [22] for finding the 
values of fixed scalars, and then the Bekenstein-Hawking entropy, in = 2 
theories, through an extremum principle in moduli space. This follows from 
the observation that, when the scalar fields are evaluated at spatial infinity 
(r = 0), coincides with the squared ADM mass of the black hole. 

Then, since equation (11521) does not depend explicitly on the radial variable 
T (as the extremization is done with respect to the scalar fields at any given 
point) the expectation values $oo may be chosen as independent variables. 
Equation (11521) is then reformulated as the statement that the fixed scalars 
^fix ones, among all the possible expectation values taken by scalar 

fields, that extremize the ADM mass of the black hole in moduli space: 



dMADMi^ oo) 



oo 



*fi^ = (153) 



Correspondingly, the Bekenstein-Hawking entropy is given in terms of 
that extremum among the possible ADM masses (given by all possible bound- 
ary conditions that one can impose on scalars at spatial infinity), this last 
being identified with the Bertotti-Robinson mass Mg_j^: 

Mb.r = Madm{H^). (154) 

The solutions with the scalar fields constant and everywhere equal to the 
fixed value are called double extremal black holes. 

The approach outlined above will prove to be a very useful computational 
tool to calculate the B-H entropy since, as will be explained in section [5l 
in extended supergravity the explicit dependence of on the moduli is 

given. 
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4.1 BPS extremal black holes 



For the case of BPS extremal black holes, the extremum principle (11531) may 
be explained by means of the Killing spinor equations near the horizon and 
these are encoded in some relations on the scalars moduli spaces, discussed 
in detail in section 13.21 and 13.3^ which express the embedding of the scalar 
geometry in a symplectic representation of the U-duality group [22] • For 
definiteness, to present the argument we will refer, for the sequel of this 
subsection, to the case N = 2, which is the model originally considered in 
[2I1I22]. 

The Killing-spinor equations expressing the existence of unbroken super- 
symmetries are obtained, for the gauginos in the N = 2 case ^57j, by setting 
to zero the r.h.s. of equation (11421) that is, using flat indices: 

= Pld^z'^^SABt'' + T'^^r^eA + ■ ■ ■ = 0. (155) 

As we will see in detail in the next subsection, approaching the black-hole 
horizon the scalars reach their fixed values z^y^ [] so that 

d^z' = (156) 

and equation (11551) is satisfied for 

Ti = (157) 
which implies, using integrated quantities: 

Zj = Z,P} = [ Tj= [f^q^ - h^jp^) Ifi^ = 0. (158) 

What we have found is that the Killing spinor equation imposes the vanishing 
of the matter charges near the horizon. Then, remembering eq. (11471) . near 
the horizon we have: 

Zj = DjZ = (159) 

where Z is the central charge appearing in the N = 2 supersymmetry algebra, 
so that: 

di\Z\ = 0. (160) 

point Xj^^ where the phase velocity is vanishing is named fixed point and represents 
the system in equilibrium w(xg^) = [22\ I23j. The fixed point is said to be an attractor 
if limt^oo x{t) = Xf^y^. 
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For an extremal BPS black hole = Madm)i fH^UI) coincides with eq. 
( 11531) giving the fixed scalars = z^y^ at the horizon. We then see that 
the entropy of the black hole is related to the central charge, namely to the 
integral of the graviphoton field strength evaluated for very special values of 
the scalar fields z*. These special values, the fixed scalars 2;^^, are functions 
solely of the electric and magnetic charges of the black hole and are 

attained by the scalars z*(r) at the black hole horizon r = 0. 

Let us discuss in detail the explicit solution of the Killing spinor equation 
and the general properties of iV = 2 BPS saturated black holes [211 [60| [611 [62] . 
As our analysis will reveal, these properties are completely encoded in the 
special Kahler geometric structure of the mother theory. 

Let us consider a black-hole ansatz for the metric^, restricting the atten- 
tion to static, spherically symmetric solutions: 

ds^ = e^^^''Ut^ -e-^^^'^G,j{r)dx'dx'- (r^ = G.^xV) , z,j = 1,2,3 

(161) 

and for the vector field strengths: 

= ^eabcX^dx^ A dx" - ^-^e^^dt A x ■ dx. (162) 

Note that here r parametrizes the distance from the horizon. 

It is convenient to rephrase the same ansatz in the complex formalism 
well-adapted to the N = 2 theory. To this effect we begin by constructing 
a 2-form which is anti-self-dual in the background of the metric fll6ip and 
whose integral on the 2-sphere at infinity S^^ is normalized to An. A short 
calculation yields: 

g2C/(r) 

E~ = i — - — dt A X ■ dx + -— dx'' A dx'^eabc , 
E- = in (163) 



from which one obtains: 



= 2 i^ laX'' 70 [1 + 75] (164) 



^This ansatz is dictated by the general p-brane solution of supergravity bosonic equa- 
tions in any dimensions [15]. 
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which will simplify the unfolding of the supersymmetry transformation rules. 
Next, introducing the following complex combination: 



t^(r) = i(/ + i^^(r)) (165) 



of the magnetic charges = Jg2 -^^ and of the functions i^{r) = — 4^ ^F"^ 
introduced in eq. fll62p . we can rewrite the ansatz 01621) as: 

and we retrieve the original formulae from: 

*i?A = -2ImF-l^ = -^^eahcX^'dx^ ^dx^-'^e^^dt^x■dx. 

Before proceeding further it is convenient to define the electric and magnetic 
charges of the black hole as it is appropriate in any abelian gauge theory. 
Recalling the general form of the field equations and of the Bianchi identities 
as given in ( l38l) . we see that on-shell the field strengths F^y and Gfj,u are 
both closed 2-forms, since their duals are divergenceless. Hence, for Gauss 
theorem, their integral on a closed space-like 2-sphere does not depend on the 
radius of the sphere. These integrals are the (constant) electric and magnetic 
charges of the black hole defined in fl6T]) that, in a quantum theory, we expect 
to be quantized. Using the ansatze (11671) and the definition (137|) . we find 

i- y ^ Ga = ImA^AE^^ + RcA/'aep'^ = 2Re {Mk^"") . (168) 



From the above equation we can obtain the field dependence of the functions 

£^(r) = (ImA/-)-!^^ (gs-ReAAsr/) . (169) 

Consider now the Killing spinor equations obtained from the supersymmetry 
transformations rules (I14ip . (11421) : 

= V.U+eABT-Y^'', (170) 
= iV,z^r^''+'-g'^T-^^yY''e^''^B, (171) 
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where the Kilhng spinor ^Ai^) is of the form of a single radial function times 
a constant spinor satisfying: 

^A{r) = e^^^'^A Xa = constant 

IoXa = ij^e^BX^ (172) 

We observe that the condition (11721) halves the number of supercharges pre- 
served by the solution. Inserting eq.s (11431) . (|T4il) . ffT72l) into eq.s dTTOll . (1T7T1) 
and using the result f ll64p . with a little work we obtain the first order differ- 
ential equations: 



dr \ r"^ J \Z 

uir)\ z - — /e'^^'') 



^ ^^g'WjZ{z,z,p,q) = 2 (^^^ g'-^dj\Z{z,z,p,q)\, 

(173) 

^\h^p''-f''qA\= {-^]\Z{z,z,p,q)\, (174) 



dr \ r"^ J V ^ , 

where Mk-s^z, z) is the kinetic matrix of special geometry defined by eq. flllSp . 
the vector V = (/^(z,^), hj](z,^)), according to eq. (IllOp . is the covariantly 
holomorphic section of the symplectic bundle entering the definition of a 
Special Kahler manifold. Moreover, according to eq. fll46p . 

Ziz,z,p,q) = f^qA- hj:p^ , (175) 

is the local realization on the scalar manifold SAi of the central charge of 
the = 2 super algebra, 

Z\z,z,p,q) = g'WjZ{z,z,p,q) , (176) 

are the charges associated with the matter vectors, the so-called matter cen- 
tral charges, written with world indices of the special-Kahler manifold. In 
terms of the complex charge vector introduced in (11650 . the central and 
matter charges have the following useful expressions 

Z = -2i/^ImArAst'', (177) 
Zj = -2i7^ImArAst^, (178) 
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In summary, we have reduced the condition that the black hole should be 
a BPS saturated state to the pair of first order differential equations fll73p . 
(11741) for the metric scale factor U{r) and for the scalar fields z*(r). To 
obtain explicit solutions one should specify the special Kahler manifold one 
is working with, namely the specific Lagrangian model. There are, however, 
some very general and interesting conclusions that can be drawn in a model- 
independent way. They are just consequences of the fact that these BPS 
conditions are first order differential equations. Because of that there are 
fixed points (see footnote [7]), namely values either of the metric or of the 
scalar fields which, once attained in the evolution parameter r (= the radial 
distance), will persist indefinitely. The fixed point values are just the zeros 
of the right hand side in either of the coupled eq.s fll74p and (11731) . The 
fixed point for the metric equation (11741) is r = cxd, which corresponds to its 
asymptotic fiatness. The fixed point for the moduli equation (11731) is r = 0. 
So, independently from the initial data at r = cxd that determine the details 
of the evolution, the scalar fields flow into their fixed point values at r = 0, 
which, as we will show, turns out to be a horizon. Indeed in the vicinity 
of r = also the metric takes the universal form of the Bertotti-Robinson 
AdS2 X S'^ metric. 

Let us see this more closely. To begin with we consider the equations 
determining the fixed point values for the moduli and the universal form 
attained by the metric at the moduli fixed point. Using eq. (I178p . we find: 



dr J 







fix 



fix 



\Z{z,z,p,q) 



fix 



(179) 
(180) 



Multiplying eq. ffTTOD by , using the identity (I123P and the definition (11770 
of the central charge we conclude that at the fixed point the following con- 
dition is true: 







fix 



:i8ii 



In terms of the previously defined electric and magnetic charges (see eq.s 
( !6T|) . (I168P ) eq. (I18ip can be rewritten as: 



-i^Zf -Zf 
-i {ZhA - ZHa) 



fix ' 
fix • 



;i82) 
;i83) 
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Eq.s fll79p . or equivalently eq.s fll82p . fll83p . can be regarded as algebraic 
equations determining the value of the scalar fields at the fixed point as 
functions of the electric and magnetic charges p^, g^. Note therefore that, at 
the horizon, also the central charge depends only on the quantized charges: 
Z{z,z,p,q)\^^ = Z{p,q). 

In the vicinity of the fixed point the differential equation for the metric 
becomes: 

dU_ ^ \Z{p,q) \ ^^(^) 
dr r 
which has the approximate solution: 



2 - (184) 



exp— {/(r) — > (185) 

r 

Hence, near r = the metric fll6ip becomes of the Bertotti Robinson type 
(see eq.(|8]) ) with Bertotti Robinson mass given by: 

M^_^=\Zip,q)\' (186) 

In the metric ([H]) the surface r = is light-like and corresponds to a horizon 
since it is the locus where the Killing vector generating time translations ^, 
which is time-like at spatial infinity r = oo, becomes light-like. The horizon 
r = has a finite area given by: 

Area^ = / y/gee9^ d9 d(j) = Att M^^^ (187) 

Jr=0 

Hence, independently from the details of the considered model, the BPS 
saturated black holes in an N=2 theory have a Bekenstein-Hawking entropy 
given by the following horizon area: 

Area/f 



\Z{p,q)\\ (188) 



where f ll86p was used, the value of the central charge being determined by 
eq.s (I182p . (11830 . Such equations, as we shall see in the next secton, can also 
be seen as the variational equations for the minimization of the horizon area 
as given by (11880 , if the central charge is regarded as a function of both the 
scalar fields and the charges: 

ATeaH{z,z) = Ati \Z{z,z,p, q)\'^ 
^Areaw- 

= ^ = ^fix. (189) 
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5 BPS and non-BPS attractor mechanism: 
The geodesic potential 

Quite recently it was noticed that the attractor behavior of extremal black 
holes in super symmetric theories is not peculiar of BPS solutions preserving 
some supersymmetries [21], and examples of non-supersymmetric extremal 
black holes exhibiting the attractor phenomenon were found [3ll [36l [63l [Glf 

ESliej. 

It is then appropriate to introduce an alternative approach to extremality 
which does not rely on the existence of supersymmetry [HZl ED EE] • Let us 
start by writing the space-time metric of a black hole in terms of a new radial 
parameter r: 

ds-" = e^^ de - e-'''' ( ^rfr2 + ""l^^d^A. (190) 

\sinh (cr) sinh (cr) / 

The coordinate r is related to the radial coordinate r by the following rela- 
tion: 

' n2 2 



sinh (ct) 



r — rg) — c = (r — r ) {r — r ) . (191) 



Here = 2ST is the extremality parameter of the solution, with 5* the 
entropy and T the temperature of the black hole. When c is non vanishing 
the black hole has two horizons located at = tq ± c. The outer horizon 
is located at th = corresponding to r — — oo. The extremality limit at 
which the two horizons coincide, th = = = rQ, is c 0. In this case 
the metric (11901) takes the simple form in the r coordinate 

ds^ = e^^dt^-e-^"" {dr^ + ir~rHfdn^) . (192) 

In the general case, if we require the horizon to have a finite area A, the scale 
function U in the near-horizon limit should behave as follows 

^_2U r^-oo A_ sinh^ (cr) ^ A_ 1 ^ 

An Atx (r — r^)(r — r+) ' 

so that the near-horizon metric reads 

ds^ = ^{r-r-){r-r+)de- — - A dn\{lU) 

A^ ' 47r (r - r-)(r - r+) A-n ^ ' 
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The above metric coincides with the near-horizon metric of a Reissner- 
Nordstrom solution with horizons located at r^. It is useful to introduce 
the radial coordinate p defined as p = 26^^^, in terms of which, in the near- 
horizon limit, we can write e~^^ ~ (^) ' ^^^^^ = \f'^T^ is the radius 
of the (outer) horizon, and the metric becomes 

ds^ = (^^^ ' dt^ - {rnf {dp" + dn'') . (195) 

The coordinate p measures the physical distance from the horizon, which is 
located at p = 0, in units of ru. It is important to note that the distance of 
a point at some finite po from the horizon is finite: 

rpo 

d= I Th dp = Th Po < oo . (196) 

Using this feature, in [36] an intuitive argument was given in order to justify 
the absence of a universal behavior for the scalar fields near the horizon of a 
non-extremal black hole: the distance from the horizon is not "long enough" 
in order for the scalar fields to "loose memory" of their initial values at 
infinity. 

Let us now consider the extremal case c = 0. The relation between r and 
r becomes r = — l/(r — th)- In order to have a finite horizon area, U should 
behave near the horizon as: 

The physical distance from the horizon is now measured in units th by the 
coordinate uj = ln(r — rn) in terms of which the near-horizon metric reads: 

ds^ = — ^ e^" dt^ - (th? (doo^ + dn^) . (198) 
{rHr 

Since now the horizon is located at ^ — oo, the distance of a point at some 
finite c^o from the horizon is always infinite, as opposite to the non-extremal 
case: 

d = / rHduj = oo. (199) 
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Therefore, as observed in the infinite distance from the horizon in the 
extremal case justifies the fact that the scalar fields at the horizon "loose 
memory" of their initial values at infinity and therefore exhibit a universality 
behavior. In order to simplify the notation, in the following we shall use the 
coordinate r to denote the distance from the horizon, consistently with our 
previous treatment of the BPS black hole solutions. 

Let us consider the field equations for the metric components (see eq. 
(11901) ) and for the scalar fields coming from the lagrangian (132|) . By 
eliminating the vector fields through their equations of motion, the resulting 
equations for the metric and the scalar fields, written in terms of the evolution 
parameter r, take the following simple form [57]: 



^ = V'b.h(*.P. (200) 



with the constraint 



where l/g_jj($,p, q) is a function of the scalars and of the electric and mag- 
netic charges of the theory defined by: 

Vb-^ = -\q'M{M)Q, (203) 

where as usual Q is the symplectic vector of quantized electric and magnetic 
charges and M.{N') is the symplectic matrix defined in ( !93ll in terms of the 
matrix A/as($)- Let us note that the field equations f l20ip can be extracted 
from the effective one-dimensional lagrangian: 

+2»"liriF + ^B-H(*.P.«)e- (204) 

constrained with equation f l202p . The extremality condition is 0. 

From equation (12041) we see that the properties of extremal black holes are 
completely encoded in the metric of the scalar manifold Qrs and on the scalar 
effective potential Vg_jj, known as black-hole potential or geodesic potential 
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[571 EI] • In particular, as it was shown in [SZl ED ES] and as we shall review 
below, the area of the event horizon is proportional to the value of Vg_jj at 
the horizon: 

^ = V^_^{^n,p,q) (205) 

where $/i denotes the value taken by the scalar fields at the horizon [^. This 
follows from the property that there is an attractor mechanism at work in the 
extremal case. To see this let us consider the set of equations (120 ip at c = 0. 
Regularity of the scalar fields at the horizon, which is located, with respect to 
the physical distance parameter w, at ^ — cxd, implies that at the horizon 
the first derivative of with respect to uj vanishes: = 0. Near the 

horizon a solution to eqs. (12011) . under the hypothesis that (<9Vg_jj/9$'")^ 
be finite, behaves as follows: 



1 



2(r^^) 



(206) 



Regularity of at a; — — oo then further requires that ((9VB_fj/9$'')|/i = 0, 
implying that the horizon be an attractor point for the scalar fields. We 
conclude that in the extremal case the scalar fields tend in the near-horizon 
limit to some fixed values $^ which extremize the potential Vg_jj: 



-oo : $^(ct;) regular 



^V^ 



B-H 







duj 



0. (207) 



These values are functions of the quantized electric and magnetic charges 
only: $^ = $)^(p, g). Furthermore, let us consider eq. (12021) . In the extremal 
limit c = 0, near the horizon it becomes: 



yB-B.i^h{j),q),P,q)e 



2U 



(208) 



from which it follows, for the metric components near the horizon: 

^2 / \ 2 



e ~ 



r 



(209) 



^For the sake of clarity in the comparison with equivalent formulas in [36], let us note 
that in [S^ the definition S*" = has been used. 
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that is: 

ds 



^ de-^^^^^{dr' + r'dn). (210) 



From eqs. f l208p and fl210p we immediately see that the value of the 
potential at the horizon measures its area, as anticipated in eq. f l205p . The 
metric fl210p describes a Bertotti-Robinson geometry AdS2 x 5*^, with mass 
parameter M^_^ = Vb.jj 

To summarize, we have just shown that the area of the event horizon of 
an extremal black hole (and hence its B-H entropy) is given by the black-hole 
potential evaluated at the horizon, where it gets an extremum. This justifies 
our assertion at the end of the previous section. 

Let us briefly comment on the non-extremal case c 7^ 0. For these so- 
lutions the physical distance is measured by the coordinate p introduced in 
eq. (I193P and the horizon is located at p = 0. The requirement of regularity 
of the scalar fields at the horizon is less stringent. It just means that the 
scalars should admit a Taylor expansion in p around p = and thus it poses 
no constraints, aside from finiteness, on their derivatives at the horizon: 



dp 



1 ..... dV^ 



B-H 



p' + Oip') . (211) 



The horizon is therefore not necessarily an attractor point, since at p 
{9VQ_ll/d^''')^^ can now be a non vanishing constant. 



5.1 Extremal black holes in supergravity 

For supergravity theories, supersymmetry fixes the black-hole potential Vg.jj 
defined in eqs. f l203p to take a particular form that allows to find its extremum 
in an easy way. Indeed, an expression exactly coinciding with (12031) has been 
found in section 3 in an apparently different context, as the result of a sum 
rule among central and matter charges in supergravity theories ( 193|) . So, in 
every supergravity theory, the black-hole potential has the general form: 

^B-H = -lQ'Mi^^)Q = ^ZabZ^"" + Zjz'. (212) 

By making use of the geometric relations of section 3, the value of the charge 
vector Q = [ 1 in terms of the moduli $ is given by equations (jHSD, (HOOp . 
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Then, to find the extremum of Vg_jj we can apply the differential relations 
f l90p among central and matter charges found in Section 3. 

Let us now analyze more in detail, for the case of supergravity theories, 
the extremality condition c = as it comes from the constraint (12021) which 
has to be imposed on the solution all over space-time. According to the 
discussion given in the previous section, the existence of solutions to equation 
does not not rely on supersymmetry, therefore also non supersymmetric 



extremal black holes still exhibit an attractor behavior (120 7p (found at c = 0). 

At spatial infinity r — 0, where the macroscopic features of the black 
hole are well defined, we have U — > Madmt, as it follows from the general 
definition of ADM mass in General Relativity (see for example [IJ). The 
metric (I16ip reduces to the Minkowski one and the constraint (I202p becomes: 

Ml^j^ = \Zi<!>^,p,q)\' + \Zji^^,p,q)\' - -grs^^. (213) 

These solutions do not necessarily saturate the BPS bound, since in general, 
from (I213p . M^^^^ 7^ |Z($oo)P- They then completely break supersymmetry. 
The behavior at the horizon may nevertheless be easily found thanks to the 
expression (I212p that the black-hole potential takes in supergravity theories, 

by exploiting the condition (12071) and in particular —^^\<s>^ —>■ 0. 

For the cases where the black-hole solution preserves some supersymme- 
tries, we are going to find that the constraint (12020 yields the BPS bound 
on the mass of the solution. Indeed in that case one may apply the results 
of section 14. 1[ Let us restrict to the case of = 2 supergravity, where 
Vg_jj = |Zp -|- \Zj\'^. The Killing-spinor equation = gives equation 
(11730 that implies 



dr 



e^^ \g'^ DjZ\'\ (214) 



By making use of (12140 . the constraint (I202p reduces in the extremal limit 
c = to the following equation, valid all over space-time 



dUV 



= e 1^1- (215) 

dr J 

At spatial infinity r — > 0, equations (I214p and (12150 become 

Ml^^ = |Z($oo,P,g)r; \Zj{^oo,P,q)\' = 9rs^^. (216) 
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The first equation in fl216p may be recognised as the saturation of the BPS 
bound on the mass of the solution. On the other hand, near the horizon the 
attractor condition holds 

-— =0, (217) 
'^^ h 

and from (12141) it gives Zi\h = 0, which may be solved to find ^HxiPyl) 
leaving, for the mass parameter at the horizon 

(^)^ = Mij^(p,g) = |Z($fi„p,g)p. (218) 

Actually, the extrema of the black-hole potential may be systematically 
studied, both for the BPS and non-BPS case, by use of the geometric relations 
(|90|) . One finds that the extrema are given by: 

^^B-H = ^DZabZ^'' + DZjZ' + c.c. = 

= 2\2 Pabcd + Z Z Pabi + c.c. 

+ VPab/ + z'z'Pij + c.c.^ = 0. (219) 

Let us remark that the one introduced in (12191) is a covariant procedure, 
not referring explicitly to the horizon properties for finding the entropy, so it 
is not necessary to specify explicitly horizon parameters (like the metric and 
the fixed values of scalars at that point), ^.jj being a well defined quantity 
over all the space-time. 

The conditions fl219p . defining the extremum of the black-hole potential 
and thus the fixed scalars, when restricted to the BPS case have the same 
content as, and are therefore completely equivalent to, the relations f ll73p and 
fll74p found in the previous subsection from the Killing-spinor conditions. In 
particular, extremal black holes preserving one supersymmetry correspond 
to A^-extended multiplets with 

Madm = \Zi\ > \Z2 \ ■ ■ ■ > \Z[N/2] I (220) 

where Z^, m = 1, ■ ■ ■ , [N/2], are the skew-eigenvalues of the central charge 
antisymmetric matrix introduced in f|T^ |68] , [69] , [50] , [51] : Zi = Z12, Z2 = 
Z34, .... At the attractor point, where Madm is extremized, supersymmetry 
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requires the vanishing of each term on the right hand side of eq. 02191) . In 
particular we find Zj = (recall that Zj do not exist for > 4) and 

Z^'z^'^'p^ncD = ^[^^^^^1 = 0. (221) 

The above condition is satisfied taking Zi = Z12 7^ and Z^ = 0, m > 1. A 
general property of regular BPS black hole solutions is that super symmetry 
doubles at the horizon. This is consistent with the fact that the near horizon 
geometry is a Bertotti-Robinson space-time of the form AdS2 x S'^ which 
is known to have an unbroken N = 2 supersymmetry [S]. Let us now give 
an argument for the vanishing of the supersymmetry variation along ei, €2 of 
the fermion fields at the horizon. As far as the dilatino fields are concerned, 
it is sufficient to remember that, since {d^^/dT)h = 0, at the horizon the 
supersymmetry variation is proportional to Z^a^b^c]- However this expres- 
sion is also zero since the only non-vanishing central charge is Zi = Z12 and 
furthermore 2'[i2ei] = Z[i2e2] = 0. As for the gaugini their supersymmetry 
variation at the horizon is automatically zero being Zj = 0. Finally let us 
remark that the gravitino variation is not actually zero, however the varia- 
tion of its field strength along ei, €2 vanishes because of the property of the 
Bertotti-Robinson solution of being conformally fiat and the fact that the 
graviphoton field strength Tab is Lorentz-covariantly constant at the horizon 



A case by case analysis of the BPS and non-BPS black holes in the various 
supergravity models, by inspection of the extrema of ^.fj; will be given in 
section [61 As an exemplification of the method, let us anticipate here the 
detailed study of the BPS solution of D = 4, N = 4 pure supergravity. The 
field content is given by the gravitational multiplet, that is by the graviton 
g^u, four gravitini ip^A, v4 = 1, ■ ■ ■ , 4, six vectors a\^^\ four dilatini ^^-^^'^^ 
and a complex scalar (p = a + ie*^ parametrizing the coset manifold G/H = 
5f/(l,l)/[/(l). The symplectic 5p(12)-sections (/^s,/iaab) (A = [AB] = 
1, ■ ■ ■ , 6) over the scalar manifold are given by: 



A 

AB 



hAAB = 0e-^/2^AAB (222) 

so that: 

ATae = (h • f-i)AE = 05as (223) 
The central charge matrix is then given by: 

Zab = IabQa - = -e-^/'(#AB - Qab) ■ (224) 



56 



The black-hole potential is therefore: 

= ^ {a^e-^ + e^PABq^'' + e-'^qABQ^'' - 2ae-^qABP^'' 

By extremizing the potential in the moduli space we get: 

dV _^ _ qABP^"" 

— — U ah — Tn 

da PabP^" 

— = Q e^i^ = Vl^ABq'^^PcDP^^ - {qABP^^yi ^226) 
dip ~^ PabP^^ 

from which it follows that the entropy is: 



%H = 4vry(0,,p, q) = A'K^\qABq^''pcDp'''' - {qABP^''Y\ (227) 



As a final observation, let us note, following [ST], that the extremum 
reached by the black-hole potential at the horizon is in particular a minimum, 
unless the metric of the scalar fields change sign, corresponding to some sort 
of phase transition, where the effective lagrangian description fl204p of the 
theory breaks down. This can be seen from the properties of the Hessian of 
the black-hole potential. It was shown in [31] for the N = 2, D = A case that 
at the critical point $ = = from the special geometry properties it 
follows: 

(^5.l^l)fix = ^^?ul^lfix (228) 

and then, remembering, from the above discussion, that V^^^ = |-^gxP- 

{d,d,V)^^ = 2g,,\Z^^\'' (229) 

From eq. (12291) it follows, for the N = 2 theory, that the minimum is unique. 
In the next section we will show one more technique for finding the entropy, 
exploiting the fact that it is a 'topological quantity' not depending on scalars. 
This last procedure is particularly interesting because it refers only to group 
theoretical properties of the coset manifolds spanned by scalars, and do not 
need the knowledge of any details of the black-hole horizon. 
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5.2 B-H entropy as a U-invariant for symmetric spaces 

For theories based on moduli spaces given by symmetric manifolds G/H, 
which is the case of all supergravity theories with > 3 extended super- 
symmetry, but also of several N = 2 models, the BPS and non-BPS black 
holes are classified by some U-duality invariant expressions depending on the 
representation of the group G of G/H under which the electric and magnetic 
charges are classified. In this respect, the classification of the N = 2 invari- 
ants is entirely similar to the N > 2 cases, where all scalar manifolds are 
symmetric spaces. 

For theories that have a quartic invariant I4 [70j (this includes all N = 
2 symmetric spaces based on cubic prepotentials [TH [Tlj and N = 4, 6, 8 
theories), the B-H entropy turns out to be proportional to its square root 



The BPS solutions have /4 > while the non-BPS ones (with non vanishing 
central charge) have instead I4 < 0. For all the above theories with the 
exception of the N = 8 case, there is also a second non-BPS solution with 
vanishing central charge and /4 > 0. 

For theories based on symmetric spaces with only a quadratic invariant I2 
(this includes N = 2 theories with quadratic prepotentials as well as = 3 
and = 5 theories), the B-H entropy is 



In these cases, beyond the BPS solution which has I2 > there is only one 
non-BPS solution, with vanishing central charge and I2 < 0. 

All the solutions discussed here give 5'g_jj 7^ and then fall in the class 
of the so-called large black holes, for which the classical area/entropy for- 
mula is valid as it gives the dominant contribution to the black-hole entropy. 
Solutions with I/i,l2 = do exist but they do not correspond to classical 
attractors since in that case the classical area/entropy formula vanishes. In 
this case one deals with small black holes, and a quantum attractor mecha- 
nism, including higher curvature terms, has to be considered for finding the 
entropy. 

The main purpose of this subsection is to provide particular expressions 
which give the entropy formula as a moduli-independent quantity in the entire 
moduli space and not just at the critical points. Namely, we are looking for 




(230) 



•^B-H oc |/2|- 



(231) 
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quantities S" Z^(0) j such that = 0, 0* being 

the moduh coordinates 0. To this aim, let us first consider invariants Jq, of 
the isotropy group H of the scalar manifold G/ H, built with the central and 
matter charges. We will take all possible if-invariants up to quartic ones for 
four dimensional theories (except for the iV = 3 case, where the invariants of 
order higher than quadratic are not irreducible). Then, let us consider a linear 
combination 5*^ = Cala of the if-invariants, with arbitrary coefficients 
Ca- Now, let us extremize S in the moduli space ^ = 0, for some set of 
{Co}- Since G G/H, the quantity found in this way (which in all cases 
turns out to be unique) is a U-invariant, and is indeed proportional to the 
Bekenstein-Hawking entropy. 

These formulae generalize the quartic -E7(_7) invariant of = 8 super- 
gravity [To] to all other cases. 

Let us first consider the theories = 3,4, where matter can be present 
[52], p]. 

The U-duality groups El are, in these cases, SU{?>,n) and SU{1,1) x 
S'0(6,n) respectively. The central and matter charges Zab, Zi transform in 
an obvious way under the isotropy groups 

H = SU{3) X SU{n) x f/(l) {N = 3) (232) 
H = SU{A) X SO{n) x f/(l) (A^ = 4) (233) 

Under the action of the elements oi G/H the charges may get mixed with 
their complex conjugate. The infinitesimal transformation can be read from 
the differential relations satisfied by the charges (l90l) [50] . 
For = 3: 

pABCD ^ p^^ ^ PabI = ^ABcP? Z ab = ^ABcZ'~^ (234) 

Then the variations are: 

5Z^ = i^^Zi (235) 
5Zi = U,Z^ (236) 

^"^The Bekenstein-Hawking entropy -S'g,]^ = ^ is actually irS in our notation. 

^^Our analysis is based on general properties of scalar coset manifolds. As a consequence, 
it can be applied straightforwardly also to the N = 2 cases, whenever one considers special 
coset manifolds. 

^^Here we denote by U-duality group the isometry group U acting on the scalars in 
a symplectic representation, although only a restriction of it to integers is the proper 
U-duality group [TU] . 
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where are infinitesimal parameters of K = G/H. 
The possible quadratic if-invariants are: 



h = Z^Za 

h = ZjZ^ (237) 



So, the U-invariant expression is: 



S = IZ^'Za - ZjZ I (238) 

In other words, DiS = diS = 0, where the covariant derivative is defined in 
ref. 150J. 

Note that at the attractor point {Zj = 0) it coincides with the moduli- 
dependent potential fl212p computed at its extremum. 
For = 4 

Pabcd = ^abcdP, Pij = VijP^ Pabi = -^Vu'^abcdP (239) 
and the transformations oi K = '^f/,^',"^-' x . are: 

(7(1) 0(6)xO(n) 

SZab = ^eABCD^Z^"" + ^abZi (240) 
6Zj = ^r^jjZ' + ^'^f Zab (241) 

with If = ir/,.e^^^^e^^. 

The possible if-invariants are: 

h = ZabZ 

T ry 1yBC „ -p^DA 

J-2 — ^AB^ ^CD^ 

T ABCD ry ry 

H — ^ ^AB^CD 

h = ZjZ^ (242) 
There are three 0(6, n) invariants given by S'l, 5*2, 5*2 where: 

1 A R 

51 = -ZabZ - ZjZi (243) 

52 = ^e^^^^Z^B^CD - ^/^/ (244) 
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and the unique SU{1, 1) x 0(6, n) invariant S, DS — 0, is given by: 

S = V\iSi)^-\S2\^\ (245) 

At the attractor point Zj = and e^^'-^^ZabZcd = so that S reduces to 
the square of the BPS mass. 

Note that, in absence of matter multiplets, one recovers the expression found 
in the previous subsecion by extremizing the black hole potential. 

For iV = 5, 6, 8 the U-duality invariant expression S is the square root of a 
unique invariant under the corresponding U-duality groups SU{5, 1), 0*(12) 
and £^7(-7). The strategy is to find a quartic expression S"^ in terms of Zab 
such that DS — 0, i.e. S is moduli-independent. 

As before, this quantity is a particular combination of the H quartic 
invariants. 

For SU{5, 1) there are only two U{5) quartic invariants. In terms of the 
matrix A/ = ZacZ they are: {TrAf, Tr{A'^), where 



FIA 

TrA = ZabZ (246) 
Tr{A') = ZabZ^'^ZcdZ''^ (247) 

As before, the relative coefficient is fixed by the transformation properties of 
Zab under ^^^^^^^ elements of infinitesimal parameter ^'^: 

5Zab = l^ecABPqZ'^'^ (248) 
It then follows that the required invariant is: 

S =-^y\4:Tr{A'^) - {TrAy\ (249) 

The = 6 case is the more complicated because under U{6) the left- 
handed spinor of 0*(12) splits into: 

32l 15i + 15_i + 1_3 + I3 (250) 

The transformations of ^777^ are: 

C/(6) 

5Zab = -^^ABCDEF^'^^Z^^ + ^abX (251) 
5X = \UbZ^'' (252) 
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where we denote by X the SU{Q) singlet. 
The quartic f/(6) invariants are: 

h = {TrAY (253) 
I2 = Tr{A^) (254) 

h = Re{PfZX) = ^^Re{e^^''''^^ZABZcDZEFX) (255) 
h = iTrA)XX (256) 
h = X^X^ (257) 

where the matrix A is, as for the N = 5 case, A^ = Z^cZ 
The unique 0*(12) invariant is: 

S = iV|4/2 -Ji + 32/3 + 4/4 + 4/5I (258) 
DS = (259) 

Note that at the BPS attractor point Pf Z = 0, X = and S reduces to the 
square of the BPS mass. 

For N = 8 the SU{8) invariants are 0: 

Ji = {TrA^ (260) 
I2 = TriA^) (261) 

-^3 = Pf Z = -^^e'^^''^^^^'^^ ZabZcdZefZgh (262) 
The g^^Jj transformations are: 

6Zab = -^abcdZ^^ (263) 
where ^abcd satisfies the reahty constraint: 

1 —E FGH 

^ABCD = —^ABCDEFGH^ (264) 



One finds the following -E'7(_7) invariant [70] : 



^ = i^|4rr(A2) - {TrAy + 32Re{PfZ)\ (265) 



-"^^The PfaiEan of an {n x n) (n even) antisymmetric matrix is defined as PfZ 
_1_^A,-A„z^^^^ . . . Za^_,a^, with the property: \PfZ\ = \detZ\^/\ 
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6 Detailed analysis of attractors in extended 
supergravities: BPS and non-BPS critical 
points 

The extremum principle was found originally in the context of = 2 four- 
dimensional black holes. However, as we have described in section |H it 
has a more general validity, being true for all A^-extended supergravities 
in four dimensions (in the cases where the Bekenstein-Hawking entropy is 
different from zero) [50]. Indeed, the general discussion of section [22] shows 
that the coset structure of extended supergravities in four dimensions (for 
N > 2) induces the existence, in every theory, of differential relations among 
central and matter charges that generalize the ones existing for the N = 2 
case. Furthermore, as far as BPS solutions are considered, Killing-spinor 
equations for gauginos and dilatinos analogous to eq. (pi are obtained 
by setting to zero the supersymmetry transformation laws of the fermions. 
Correspondingly, at the fixed point c?^$* = 0, for any extended supergravity 
theories one gets some conditions that allow to find the value of fixed scalars 
and hence of the B-H entropy both for BPS and non-BPS black hole solutions. 

We will first discuss in section IGTT] the case of = 2 supergravity, then in 
section [22] the case of the other extended theories allowing matter couplings 
to the supergravity multiplet, that is = 3,4 extended supergravities, and 
finally we will pass to analyze in section [6731 A" = 5,6,8 theories, which are 
pure supergravity models. 

For every theory, the strategy adopted to find the extrema will be to solve 
the equation c?Vg_jj = 0, as given in general in 02191) . by setting to zero all 
the independent components in the decomposition on a basis of vielbein of 
the moduli space [50] . 

We confine our analysis to large black holes, with finite horizon area. 

6.1 N = 2 attractor equations 

In the original paper [31j the N = 2 attractor conditions were introduced via 
an extremum condition on the black-hole potential (12031) 

^B-H = -^Q'^MQ = \Z\^ + lA^I' (266) 
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discussed in section EJ Indeed, by making use of properties of = 2 special 
geometry, the extremum condition was written in the form 

9iVB-R = iZD.Z + iCi,kg"g^'^D-;ZD^Z = , (267) 

where use of the special geometry relations flllSp was made. 

Given (126 7p . it is useful to write the attractor equations in a different 
form. Indeed, recalling equations fl99|) . (llOOp [731 [TH [33] (which are true all 
over the moduli space) we may write: 

Q -iCM{M)-Q = -2i \^^Zm = -2i {ZV + g'WjZDiV) , (268) 

where V is the symplectic section introduced in (11100 : substituting the ex- 
tremum condition from (I267p . eq. (I268p gives the value of the charges in 
terms of the fixed scalars: 



[Q-iCMi^^)■ Q]kx = -2i (^ZV + ^c''''DiVDjZDkZ^ 
[Q-iCA^(Ar).Q]|g^ = -2i {g'WjZD,V)\^^ for = . (269) 



for ^fix 7^ , 

fix 



The BPS solution corresponds to set DiZ = 0, in which case, for large black 
holes (Zgx ^ 0), eq. fEBU]) reduces to ffM . 

The attractive nature of the extremum was further seen to come from the 
fact that the mass matrix at that point is strictly positive since 

'9i<9jVB.Hl(a,yB-H=o) = 0; d,djVQ_Yi\i^a,VB.ji=o) = '^\Z\'^gij ■ (270) 

Non supersymmetric extremal black holes with finite horizon area corre- 
spond to solutions of (I267p with 

D.Z^O. (271) 
These solutions may be divided in two classes 

• ^ 0, Z ^ , 

• DiZ ^ 0,Z = 0. 

For these more general cases, the horizon mass parameter Mg.j^ which ex- 
tremizes the ADM mass in moduli space is then given by 



^B-R = '^B-hI(9.vi3.h=o) = + \DiZ\^] (a^y^_^^o) > l^l(a.yB-H=o) • (272) 
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Equation fl272p is nothing but the BPS bound on the mass. 

If the central charge Z vanishes on the extremum, then DiZ have to 
satisfy 

Cijkg^g^^DjZD^Z = Vi (273) 

in order to fulfill (12671) . Solutions to the above equation, for the case of 
special geometries based on symmetric spaces, have been given in |75] . 

When Z 0, DiZ ^ 0, one may obtain some further consequences of 
fl267j) . Let us define 

Z' = g^DiZ , T = g''DjZ. (274) 
From (12671) we get, by multiplication with (yf" 

Z' = — Lc\.Z'z'" (275) 
2Z ^ 

and, by multiplication with 

lA^r = -^^3(^') = ^mz') (276) 

where we have introduced the definition N2,{Z^) = C ij^Z^ Z'' Z^ . Note that, 
if at the attractor point A^3 = 0, then Z = (or Z ^ but then = 0). 
The complex conjugate of (12671) may be rewritten, using (12751) as 

'^ZD.Z = -^C^t:C\^z'z"'cI;z'z\ (277) 

By making use of the special geometry relation [701 EH ES] 

4 

^Tjk'^ {irn^ pq) g 



^T3k^\em^\q) ~ o^(empgq)i + Eumpq-, (278) 



where the tensor Eumpq defined by this relation is related to the covariant 
derivative of the Riemann tensor and it exactly vanishes for all symmetric 
spaces 0, we may finally rewrite (12671) as 



^^^^^ = W^^^^^M^'^'^' + ^^.IF^^'^'^'^'"- (279) 



-'^^In this case equation (I278|) is a consequence of the special geometry relation DiCju 

0. 



65 



Moreover, using also (12761) we obtain 

{\Z\'- l\D^Z\'^ D,Z = ^E^jTmZ'Z'z'^Z^. (280) 

For symmetric spaces eq. (12801) gives 

\DiZ\^ = 3\Z\^ (281) 

implying that for these black holes: M^_^ = 4\Z\'^^Q,y 

This relation, for symmetric spaces, was obtained in [51] and then all the 
solutions of this type have been classified in [75]. In particular, solutions 
with Cijk = correspond to the special series of symmetric special manifolds 



SU{l,l+n) 



for which only non-BPS solutions with Z = may exist. 



U{l)xSU(l+n) 

Solutions of the type in (12811) have also been found for non-symmetric 
spaces based on cubic prepotentials in [34] . 

However, because of (12801) . these cannot be the most general solutions. 
For the generic case of non-symmetric special manifolds, we have instead 



|A^r = 3|Z|2 + A (282) 

where 

3 E.^jre^Z^Z'^Z^Z'^ ^ ^ 



4 N.iZ'^) 
and the Bekenstein-Hawking entropy is 

S^_^ = A/A = 7t{A\Z\^ + A). (284) 

Note that, for these non-BPS black holes, at the attractor point A is real 
and, because of (I282p . it satisfies —A < 3|Zp. 

In all the cases, the attractive nature of the solution depends on the 
Hessian matrix, which however may have null directions. 

6.2 N > 2 matter coupled attractors 
6.2.1 The N = 3 case 

The scalar manifold for this theory, as discussed in section 13. 2[ is the coset 
space 

^'^ - SU{3) X SU{n) X f/(l) ^^^^^ 
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and the relations among central and matter charges are (see fl90l) ) 

D{uj)Zab = ZiPis, 

1 A R 

D{uj)Zi = -ZabPi . (286) 
The extremum condition on the black-hole potential is then 

= P{bZ Zi + c.c. = (287) 

and allows two different solutions with non-zero area. This is expected from 
section 15.21 because the isometry group of the symmetric space f l285p only 
has a quadratic invariant 

^2 = -^Z — \Z if . (288) 

Then, 

• either Zab ^, Zj = 0, in this case we have a BPS attractor and the 
black-hole potential becomes 

^B-nlattr = -^2|attr > , (289) 

• or Zj 0, Zab = 0, which gives a non-BPS attractor solution with 
black-hole potential 

^B-Hlattr = -/2|attr > 0. (290) 

6.2.2 The = 4 case 

In this case the scalar manifold is the coset space 

g[/(l,l) SOiQ,n) 
^'^ - ^JW SOiQ) X SOin) 

and the relations among central and matter charges are (see ( l90l) and the 
discussion below) 

D{uj)Zab = ZiP^B + ]^Z^"eABCD P , 
D{lu)Zj = -Z Pabi + ZiP. (292) 
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We recall that for this theory the vielbein Pabi satisfies the reality condition 



-r = [Pabi) - Pcd- 

The extremum condition on the black-hole potential is then 

^^B-H = ^DZabZ^"" + \zabDZ^'' + DZiZ' + ZiDz' = Q 

= Pabi (z^^'z, + ^e^^''^ ZcnZj^ + P [zjZ, + \eABCDZ^''z'''' ) + 

— / —I— I 1 ABCDl 



+P(Z Z + -e^^^^Z^B^CD ) = . (293) 



Equation fl293p is satisfied for 



-AB . I ABCD rv —I 
2^ ^CD 

Z'Z-^5ij + \eABCDZ^'''Z^'^ = 



Z-Z^ + h^^^^ZcnZ' = 

AB^CD „ • l^y^j 



Therefore we have, in terms of the proper values Zi, Z^ of the central charge 

antisymmetric matrix Zab (by means of a f/(l) C transformation [15] . 

they may always be chosen real and positive) and of the complex matter 

chareres Z^ 

^ Y 

Z\Z + = ('2951 

z^z^ \iz^Z2 = ■ ^ ' 

• The BPS solution with finite area is found, as discussed in general in 
section [5l for 

Zj = 0; Z2 = (for Z^ > Z^) (296) 
and corresponds to the black-hole potential 

^B-Hlattr = (^i)'- (297) 

This solution partially breaks the symmetry of the moduli space, as 

r 5f/(4) ^ SU(2) X S\J(2) X f/(l) 
\S0\n) SO{n) 

There are also two non-BPS solutions: 

• One is found by choosing Zj = {z, 0) 



Zi = Z2= p 
z = V2ip 
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(298) 



which gives, for the black-hole potential 

^B-Hlattr = {Zif + {Z^f + \z? = Ap^ . (299) 

In this case the isotropy symmetry then becomes 

r SU{A) USp{A) 
\S0ln) SO{n-l) ' 

• The other is obtained by choosing instead Zi = {ki, k2, 0) and Z^b = 0. 
This solves (12951) for k\ + = 0, that is for k2 = ii/ci = ik, giving 

VB-Hlattr = |/^i|' + |fc2r = 2|A;|2. (300) 
For this case, then, the isotropy symmetry preserved is 

r SU{4) SU{4:) 
\SO{n) S0{n-2) ' 

The analysis of this section is in accord with the discussion on U-invariants 
of section [5l2l Indeed, the isometry group of the scalar manifold (I29ip admits 
the quartic invariant (I245P 

h = S^, - |^2|' (301) 

where Si and 5*2 are the 0(6, n) invariants introduced in (12431) . (12441) and we 
have = a/|/4|. 

For the BPS case, I4 > 0. For the non-BPS ones we have, in the first case 
I4 = — |>S'2p < 0, in the second case I4 = Sf > 0. 

The case of the pure = 4 supergravity model anticipated as an example 
in section [S] falls in this classification and corresponds to the BPS solution 
(since in that case Zj = 0). It is however interesting to look at the N = 2 
reduction of that model, where only 2 of the 6 vector fields survive, one as 
the graviphoton and one inside a vector multiplet whose scalars span the 
coset ^^^^I'l'^ (axion-dilaton system). Correspondingly, the two proper- values 
of the = 4 central charge play now two different roles: one, say Zi, is the 
N = 2 central charge, while the other, Z2, is the matter charge. Equation 
(12951) has now two distinct solutions (corresponding to the twice degenerate 
BPS solution in = 4): the BPS one, for Z2 = 0, Madm = Zi, and a 
non-BPS one, for Zi = 0, Z2 ^ 0. This is understood, in terms of invariants, 
from the fact that SU{1, 1) does not have an independent quartic invariant, 
and in fact, in this case, one finds that I4 reduces to I4 = [{ZiY — (^2)^]^. 
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6.3 > 4 pure supergravity attractors 

We are going to discuss here the attractor solutions for the extended theories 
with > 4, where no matter multiplets may be coupled. We will include a 
discussion of their relation to = 2 BPS and non-BPS black holes, already 
presented in [7T] . 



6.3.1 The = 5 case 

The moduli space of this model is 

G/H - , (302) 

the theory contains 10 graviphotons and the relations among the central 
charges are 

DiLu)ZAB = +^Z^''' Pabcd . (303) 
Correspondingly, the extremum condition on the black-hole potential is 

^^B-H = ^DZabZ'''' + ^ZabDZ^'' 

= -^PabcdZ^^'z^'' + c.c. = Q. (304) 

This extremum condition allows only one solution with non-zero area, the 
BPS one. Indeed, in terms of the proper values Zi, Z2 of Zab, equation (13041) 
becomes 

Z1Z2 + Z1Z2 = . (305) 

However, by means of a f/(5) rotation Zi, Z2 may always be chosen real and 
non-negative [15], leaving as the only solution with non-zero area Zi > 0, 
Z2 = (or viceversa). The black-hole potential on this solution is 

^B-Hlattr = l^ir (or 1 ^ 2) (306) 
This solution is |-BPS and breaks the symmetry of the moduli space: 
f/(5) ^ SU{2) X SU{3) X f/(l). 
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However, if we truncate this model A^ = 5^A^ = 2,we have the following 
decomposition of the 10 vectors 

10^ 1 + 3 + 6. 

The singlet corresponds to the N = 2 graviphoton, while 3 is the repre- 
sentation of the 3 vectors in the vector multiplets. The 6 extra vectors are 
projected out in the truncation. Correspondingly, the N = 5 central charge 
Zab reduces to: 

(307) 

The two solutions Zi > 0, Z2 = and Zi = 0, Z2 > 0, which were BPS 
and degenerate in the = 5 theory, in the N = 2 interpretation correspond 
the first to a BPS solution (if we set Zi = Z) and the second to a non-BPS 
solution with Z = 0, as for the quadratic series discussed in section 16.11 

Let us inspect these results in terms of the discussion of section 15. 2[ The 
SU{5, 1) invariant is (in terms of the U{5) invariants introduced in section 
I52D: 

h = 4:Tr{A^) - {TrAf (308) 
that is, in terms of the proper-values of the central charge 

h= [{Z,f-{Z2f]\ (309) 

The solutions Zi 7^ Z2 are separated by the solution Zi = Z2, which cor- 
responds to a small black hole, with J4 = 0. This is the solution which 
preserves the maximal amount of supersymmetry (| unbroken), but it does 
not come from the attractor equations. 



6.3.2 The = 6 case 
The moduli space is 

G/H - , (310) 

and the theory contains 16 graviphotons, 15 in the twice-antisymmetric rep- 
resentation of t/(6) plus a singlet. The attractor solutions for this theory 
have already been presented in [75j. 



71 



The relations among the central charges are 

^'z l^C'r> 1^ -^cdef 

U{LO}Zjab — 2 ^ABCD + ^^CabcDBF-t , 

= ^^^''e^BCDi.FP^''''"' . (311) 
The black-hole potential for this theory is 

1 4 D 

^B-H = ^ZabZ + ZZ (312) 
and the extremum condition is then 

1 An 1 

1 „ / —AS— Cr> . 1 ABCDEF , 



^Pabcd Z-^^ + -e^^^^^^ ZEpZj + c.c. = . (313) 

In terms of the proper- values Zi, Z2, of Z^b, which may always be chosen 
real and non negative by a C/ (6) rotation, the condition to be satisfied on the 
extremum is: 

Z1Z2 + ZZ^ = Q (1 ^ 2 ^ 3 ^ 1 cyclically) . (314) 

This equation admits one solution |-BPS with Z — 0, and two independent 
non-BPS solutions, both with Z ^ 0. 

• The BPS solution is found for 

Z = Z2 = Z3 = Zi^O, (315) 

if we choose Zi > Z2 > Z^. In this case the black-hole potential 
becomes 

VB-Hlattr = l^ir (or 1 ^ 2 ^ 3) (316) 
and corresponds to I 4 > 0. 
This solution breaks the symmetry 

U(6) SU{2) X C/(4) 
and corresponds to an 5^(4^2) orbit of the charge vector. 
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• One non-BPS solution is obtained for 

Z^O ^1 = ^2 = ^3 = 0. (317) 
It gives for the black-hole potential 

^B-Hlattr = I^P (318) 

and preserves all the U{6) symmetry of the moduli space. This solution 
corresponds to the orbit Also for this solution the quartic 

invariant is positive J4 > 0. 

• The third solution is found by setting 

Zi = Z2 = Zs = p, Z = -p. (319) 
In this case the black-hole potential becomes 

^B-Hlattr = V- (320) 

This solution breaks the symmetry f/(6) — * USp{6), and corresponds 
to the charge orbit ^^ijt^- The quartic invariant for this solution is 
negative /4 < 0. 

It is interesting to note, as already observed in [501 ED ES], that the 
bosonic sector of the iV = 6 is exactly the same as the one of the N = 2 
model coupled with 15 vector multiplets with scalar sector based on the same 
coset (I310p . In the N = 2 interpretation of this model, the singlet charge Z 
plays the role of central charge, while the 15 charges Z^b are interpreted as 
matter charges. 

The interpretation of the three attractor solutions is now different: the 
first one, which was 1-BPS in the N = 6 model, is now non-BPS and breaks 
supersymmetry, while the second one in this model is g-BPS. The third 
solution, where all the proper forms of the dressed charges are different from 
zero, is non-BPS in both interpretations. 



6.3.3 The = 8 case 

This model has been studied in detail in [5l]. Its scalar manifold is the coset 

G/H^^y (321) 
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The relations among the 28 central charges are 

1 f) 

D{lo)Zab = -Z Pabcd, (322) 
where the vielbein Pabcd satisfies the reahty condition 

pABCD ^ ^ABCDEFGHp^^^^ (333) 

The extremum condition is then 

^^^B-H = ]^DZabZ^^ + \zabDZ^'' = Q 

= \pabcd (^^^Z^^ + ^e^BCDEFGHz^^zGn) = . (324) 

In terms of the central charge proper- values Zi, • • • Z4 the condition for 
the extremum may be written 

Z\Zi + Z3Z4 = 

Z1Z3 + Z2Z4 = (325) 
Z2Z3 + Z1Z4 = 

and admits two independent attr actor solutions: 

• The BPS solution is found for 

= Z3 = Z4 = Zi ^ (326) 

if we choose > ^2 > -^3 > ■^4- In this case the black hole potential 
becomes 

^B-Hlattr = l^ir (or 1 ^ 2 <^ 3 ^ 4) (327) 
and corresponds to /4 > 0. This solution breaks the symmetry 

5C/(8) ^ SU{2) X C/(6) 



and corresponds to an orbit of the charge vector. 

^6(2) " 

• The non-BPS solution is obtained for 



^1 = ^2 = ^3 = ^4 = e'^p p e M+ . (328) 
It gives for the black-hole potential 

^B-Hlattr = V- (329) 

This solution breaks the symmetry SU{8) USp{8), and corresponds 
to the charge orbit The quartic invariant for this solution is 

negative I4 < 0. 
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7 Conclusions 



This survey has presented the main features of the physics of black holes em- 
bedded in supersymmetric theories of gravitation. They have an extremely 
rich structure and give an interplay between space-time singularities in so- 
lutions of Einstein-matter coupled equations and the solitonic, particle-like 
structure of these configurations such as mass, spin and charge. 

The present analysis may be extended to rotating black holes and to 
geometries not necessarily asymptotically flat (such as, for example, asymp- 
totically anti de Sitter solutions). Furthermore, the concept of entropy may 
be extended to theories which include higher curvature and higher derivative 
matter terms ESI 1121 US]- This is important in order to make contact 
with superstring and M-theory where these terms unavoidably appear. In 
this context, a remarkable connection has been found between the entropy 
functional and the topological string partition function, an approach pio- 
neered in 

Black hole attractors fall in the class of possible superstring vacua, which 
in a wide context have led to the study of the so-called landscape [78] . 

It is a challenging problem to see which new directions towards a funda- 
mental theory of nature these investigations may suggest in the future. 
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